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ABSTRACT 


A  priority  queue  is  a  data  structure  for  "'aintairinm  a 
collection  of  items,  each  having  ar.  associated  key,  such 
that  the  item  with  the  largest  Key  is  easily  arressibl*. 
Priority  queues  are  implemented  by  usinr  heap,  k-ary  tree, 
single  linked-list ,  leftist  tree,  linked  tre=,  AlfI-tre=> ,  2-3 
tree,  and  fixed  priority  property.  Requir°d  storage  for  each 
method  was  obtained  and  the  worst  cas*  time  analysis  was 
cone  in  terms  of  the  number  of  key  comparisons  and  key 
exchanges  during  tne  insertion  and  delation  orc„_ss. 

Finally ,  each  of  these  methods  were  run  cn  PIP-11  UNIT 
TI"P  SHAPING  STSTH^  at  NPS  using  different  ra’-dc-  "n-ber 
.can  era  tors  to  ret  the  average  CPU  time  for  insertion  and 

deletion  process. 
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I.  INTP°!)UC TIOV  *  MT  ^ACK^HOUNI 

Priority  oueues  ere  i~pl erected  by  using  beep,  k-ary 
tree,  singly  linked  list,  leftist  tree,  linked  tree,  AVI 
tree,  P-3  tree  and  fixed  priority  property  in  this  research. 
In  order  to  understand  hov  these  implemented  methods  work,  a 
reader  needs  to  be  familiar  with  tne  following  concepts. 

/>  data  tyoe  is  a  term  whiok  refers  to  the  kinds  cf  data 
that  variables  ray  ’hold"  ir.  a  nr^ra”’.  The  simplest  data 


of  bits.  These  elementary  data  tynes  are  '-onsider-d  tc  be 
primitive  data  structures.  However,  to  provide  for 
processing  nf  more  complex  information,  it  is  necessary  tc 
construct  more  complicated  data  structures  to  serve  ~s  the 
internal  representation  of  tne  information. 

_Pa ta  object  is  a  term  referring  tc  a  set  cf  elements, 
say  D .  Per  example  the  data  object  i«te-T°r  refers  tc 
r={C,±l, ±2, . . .1 .  r  may  be  finite  or  infinite  and  if  I  is 
verv  large,  special  ways  of  repress’' tire  i’s  ele~crts  ir  a 
computer  may  be  needed. 

A _c a t_a  ^L^cTure  can  be  defined  as,  the  description  cf 
the  set  cf  objects  and,  the  specification  of  tue  «et  of 
operations  wnicr.  may  legally  be  applied  fo  elements  cf  the 
data  object.  Per  integers,  them?  voul**  be  the  arithmetic 
operations  +, and  perhaps  many  ethers  such  as  men,  civ, 
greater  than,  less  than,  etc.  The  data  object  in : =g=o  -ins  a 
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descripticr.  cf  how  -i-,-,~,  /,  cm.  Vahava  constitutes  ?  beta 
structure  ds^iTii t ion  fi4l  .  Data  structures  are  d^si^med  to 
rest  tvc  basic  recuire^en ts; 

i)  To  represent  the  external  information  ir.  a  unicue  ar.i 
unambiguous  fashion. 

ii)  To  facilate  efficient  rcanipul ation  of  the  data  by  the 
computer  [131 . 

A_ncde{ usually  called  a  record  or  a  structure)  is  a 
collection  of  data  and  li^’-cs.  Each  ite-  in  a  nod?  is  called 
a  field.  A  field  can  contain  an  array  rr  a  primitive  data, 
iters,  such  as  a  character  string,  integer  value,  floati’'.p 
point  value,  cr  it  can  contain  a  printer  tc  another 
node [13]  .  A  _tr.ee  is  a  gram  (set  cf  nodes  corrected  by 
ed«ses)  in  which  there  are  r.c  locos  and  has  a  rrct(i.e..  a 


node [13]  . 

n' 

u\ 

«! 

edges)  ir. 

which  ther 

node  f  r  or 

the  e-d^es 

I-*  vlisii*  D 

Trees 

are  a 

Trees  are  a  species  of  nonlinear  structure  cf 
o  on  si  i  aT*8i  w*l  9  I’*1  v^r  ts!ir=  c  c  r~  o'j  £  ?  t  oc  r  1 1  v  ^  a  c  u  ^  3 

they  proviae  natural  representations  fcr  rer.y  so-ts  of 
r.ast?!i  ^5 1  ccrur  i ti  c  0  hi  ti  12  T  0  t*  3^T)lic2TiCT2St  3T!4?  r-crt lv 

because  they  are  useful  in  solvinr  a  vide  variety  cf 
algori tvric  rr ^ bl ans .  Th°re  are  several  varieties  cf  tr?~s 
which  can  be  defines  in  a  representation- it deterrent  rams". 
The  particular  one  which  will  be  more  interested  in  this 
research  is  binary  trees: 

A  binary  tree_  is  a  finite  set  cf  elements,  called  -cdes. 
wcich  is  erpty  or  else  satisfies  trie  following: 


Stacks  and  queues  are  sequences  of  items,  whic1’  are 
permitted  to  <?row  and  contract  only  by  follovi"?  special 
disciplines  fcr  addin?  and  rem^vin?  items  at  their  erd 
points . 

Ir  a  stack,  all  insertions  and  deletions  are  done  at  only 
one  end  of  a  sequence.  Stacks  have  the  property  that  the 
last  iter  inserted  is  the  first  iter  that  ca"  be  removed  a~d 
for  this  reason,  they  are  sometimes  called  LIIO  lists,  after 
this  "last-in, first-out”  property. 

In  a  queue,  all  insertions  are  done  at  one  end,  called  the 
rear  or  back,  and  all  deletions  are  done  at  the  other  end, 
called  front.  Queues  have  the  property  that  the  first  iter 
inserted  is  the  first  iter  t.nat  can  oe  reroved  end,  for  this 
reason,  they  are  sometimes  called  FIFO  lists,  after  this 
"fi  rst-ir., first-out"  urouerty.  Cu°ues  irolicitly  provide  a 
1  in  ear  order  fcr  their  items  cor  re  s?  or.  ding  tc  their  order 
of  arrival".  Thus,  queues  are  used  where  we  wish  to  "recess 
items  under  a  " first-come, first-served”  di sciplinetlZ1  . 

In  addition  to  LIFO  and  FIFO  disciplines  there  is  a 
"largest-in,  first-cut”  discipline.  s  data  structure  vMrh 
follows  this  discipline  is  called  a  uriority  queue. 


A.  h'HAT  IS  A.  PRIORITY  CUPUI 


A  priority  queue  is  a  iata  structure  which  holds  data 
items  with  an  associated  priority.  Itens  "an  be  inserted  in 
the  priority  queue  ir.  an  arbitrary  order  hut  at  any  river, 
time  only  the  item  with  the  highest  priority  in  the  priority 
queue  may  he  accessed  or  delated.  Kor°  precisely,  if  0  is  a 
priority  queue  and  X  is  an  item  containin’  a  priority  from  a 
lir. early-ordered  set,  then  following  operations  er*  defired: 


Create() .  Create  ar  empty  priority  queue 


Ismtpn(C) . . . .  Test  whether  a  priority  oueu®  is  e.voty. 
Insert (X ,C) . .  And  item  X  to  the  collection  of  items  ir  C. 
Telete(O) . . . .  Pemrvo  the  iter  wit'1  th*  hi^he^t  priority 
cr.  the  C.  If  Q  is  empty  then  delore  C. 
3est(C) .  Return  the  item  witu  th*  hiyhes*  priority 


Pfur.c(X) .  Compute  the  priority  of  the  item  X. 


Tro°s  are  mostly  used  to  implement  priority  cueu=s.  As 


it  will  be  seen  in  the  next  chapters,  node  represented  ors 


are  assured  tc  contain  only  a  uriority  fi*ld,  poir.tcrs  to 


ar.otr.er  r.oaes,  and  sore  integer  fields.  Rut,  in  fart 


idditior  tc  this  information,  there  may  he  other  nieces  of 


information  or  pointers  to  particular  events  or  ,'cbs  whi  "h 
have  to  be  executed.  A  node  structure  in  a  priority  queue 


can  be  in  r.ne  form: 

l«— — 4»— —  “  + 

i  v_v  i  i  auxilliary  \ 
i  KEY  i  I  i  .  i 


|  j  information| 
-♦ 1 - + 


where  the  XFY  field  contains  the  uriority  cf  the  item,  a"d 


m 


i4f  ¥ V1  M  'in/T  ■  Tiri 


field  'I'  contains  either  data,  events  or  jobs 
he  executed.  In  the  calculation  of  a  storage  r 
each  net hod  in  the  following  section,  ' I '  w 
indicate  the  sice  of  either  data, events  cr  job 
information  field  contains  pointers  to  a 
counts,  balance  factor,...  etc. .which  provide 
the  oriority  queue  structure. 


which  have  to 
ecuirspsrt  for 
ill  be  used  to 
s.  ‘.uxilliery 
r.  o  t  h  e  r  nodes, 
to  rairtain 


B.  PRIORITY  QUEUE  APPLICATIONS 


Priority  queues  car.  be  usea  ir.  sorting  ar.d  selection 
problems.  The  idea  of  selection  sorting  is  to  fill  the 
priority  queue  using  successive  'insert'  operations,  and 
then  emptying  the  queue  by  using  'delete'  operations 
repeatedly  [3] .  An  algorithm  for  this  application  of  a 
priority  queue  has  been  giver,  below  where  0  is  tne  priority 
queue. 


Input:  An  array  A  of  N  items. 

Output:  Array  A  sorted  into  non  increasing  order. 


3FG I M 


PC?.  i=l  to  h  TO 

i  nsert  (0 ,  A  [i  ]  )  ?  ('‘aid  »[i]  to  tne  collection#) 

(#  cf  items  ir.  2.  *) 

FCH  i=l  to  .1  EO 

A Ci 1 :=del ate (C ) ’  {#  put  the  item  with  highest  orioritv*' 


(#  into  out DUt  area.  #) 


ENT . 


Prioritv  queues  also  arise  in  certeir  rurerical 
iterations.  Or.e  scheme  for  adaptive  quadrature  maintains  a 
nriority  queue  of  subinterval  whose  union  constitutes  the 
interval  of  integration?  each  subir.terval  is  labeled  wit* 
the  estimated  error  committed  ir.  the  numerical  integration 
over  it.  In  each  step  of  the  iteration,  the  subirterval  wit* 
the  largest  error  is  removed  from  the  queue  and  Msecrec. 


s 

I  -li 
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Then  the  numerical  integration  is  oerformed  over  these  two 
smaller  subintervals,  which  are  inserted  into  the  aueu=.  The 
iteration  stops  when  the  total  estimated  error  is  reduced 
below  a  prescribed  tolerance  1.3] . 

An  obvious  application  of  priority  queues  is  i" 
operating  and  industrial  practice  fcr  the  scheduling  cf  jobs 
according  to  fixed  priorities.  Ir  this  situation  jobs  with 
priorities  attached  enter  a  system,  and  the  job  of  highest 
priority  is  always  the  next  to  be  ex°cuted.  But,  in  order  to 
prevent  a  lev-priority  job  iron  being  delayed  indefinitely, 
the  restriction  to  fixed  priorities  may  be  vi ole  ted r3]  . 

Priority  queues  also  improve  the  effi^ien^y  cf  some 
well-known  graoh  algorithms.  In  Kruskal's  algorithm  fcr 
computing  minunum  spanning  trees(a  mir.umum  spanning  tree  is 
a  network  of  n  nodes  connected  by  edges  with  least  cost, 
where  the  cost  of  a  network  is  the  sum  of  distances  r f  its 
edges),  the  pnocedure  of  sorting  all  edges  and  then,  scanning 
through  the  sorted  list  can  be  replaced  by  inserting  ail 
edges  into  a  priority  queue  end  then  successively  deleting 
the  smallest  edge[2,4l.  Similar  applications  nave  been  found 
for  priority  queues  in  shortest  path  problems  which  commonly 
arise  cn  networks  (.4,5, 6],  An  algorithm  in  a  pas^el-like 
language  for  computing  spanning  tree  by  usi"r  a  priority 
queue  has  been  giver,  below,  where  3  is  the  set  of  edges  in 
the  minumum  spanning  tree  and  C  is  a  priority  qu=ue. 
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Input:  Set  of  edges  each  having  a  cost  value  associated 


with  it. 

Cutout:  Set  of  edges  which  satisfy  minumum  spanning  tree 
property. 

32GIN 

C-=G*  (*  C  is  initially  empty.  *) 

FOB  1=1  to  N  DC 

insert (0 .edge  i)»  (~  add  edge  i  to  the  collection 

(*  of  edges  in  0.  * ) 

FOB  i=l  to  N  DO 

edge=delete(C);  (*  remove  the  edse  with  ninurur  cost.51') 

IF  edge  car.  he  added  to  G  without  forming  a  loop  T^IN 
G=G  +  edge;  (^add  edge  to  the  collection  of  echoes 
(*  in  G.  ~) 

fn  r . 

Priority  queues  can  also  he  used  in  the  implementations 
cf  tranch-and-bound  algorithm.  In  particular  they  ere  used 
to  implement  the  'best-first'  strategy  (alsc  know**  as 
branching  from  the  largest  upper  bound'  [16]. 

Finally,  Charters'  crime  number  generator  uses  a 
priority  queue  in  a  scheme  to  reduce  its  internal  storage 
requirements U ,3] .  3.  L.  Fox  has  mentioned  that  priority 
aueues  are  useful  in  implementing  seme  discrete  programming 
algori  thins  [?  ,i]  . 
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II.  IMPLEMENTATION  AND  THE  WORST  CASE  ANALYSIS 


In  this  section  of  the  research,  priority  cueve  is 


implemented  by  using  a  property  of  Heap,  K-ary  tree.  Single 


linicei-list.  Leftist  tree.  Linked  tree,  A^L-tree,  ?-?  tre®. 


and  ?ix  priority.  A  node  structure  and  brief  algorithm  for 


each  method  has  been  driven. 


An  addition  to  these  methods  indicated  above,  a  priority 


queue  scnerne  can  also  he  implemented  by  using  a  P-tree 


structure  which  was  discovered  in  1°64  by  Arne  Jcr.assen  and 


Ole-Johan  Dahl  and  a  binomial  cuene  structure  which  was 


discovered  in  1P75  by  Jean  Vuillemir.  [31  .  An  implementation 


ar.d  detail  analysis  of  a  binomial  cueue  structure  has  beer. 


studied  by  Hr  own  f*ark  Hcbbin  in  his  Ph.  I.  Thesis  at 


Stanford  University. 


The  analysis  cf  algorithms  is  ouite  important  in 


computer  programming,  because  there'  are  usually  several 


algorithms  available  for  a  particular  application  and  we 


would  like  to  know  which  is  best. 


An  implemented  method  in  this  research  ’'eouir°«  various 


amounts  of  storage  and  time  to  perform  it.  In  this  section. 


the  amount  cf  spaces  reouired  to  store  N  items  in  a  computer 


has  been  determined  for  each  method.  Tne  verst  case 


ef f  1  ci armv  cf  a  priority  oueu®  schsme  is  defir.°d  in  terms  of 


the  number  cf  ir.ter-xey  comparisons  ar.d  er changes  during  an 


insertion  end  deletion  process.  This  analysis  is  dere  i«  thc 


following  way: 


i 


\m 


i? 
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Generally,  a  method  which  uses  a  binary  trae  structure 
take  Llc^^J  tire  to  execute.  Because,  they  ere  usually 
implemented  as  a  recursive  procedures,  ard  they  cell  itself 
recursively  at  jst  as  many  tires  as  the  height  of  a  tree 
which  is  equal  to  [lor2  Nj  if  a  tree  is  balanced. 

LEMMA:  The  height  of  a  complete  binary  tree  with  N  nodes  is 
equal  to  [los^Nj. 

PFOOF:  A  complete  binary  tree  of  height  h  has  at  rest  2 
external  nodes.  Therefore,  the  number  of  internal  nodes,  n, 
is  bounded  above  by  n  <=  2^-1  (since  the  number  of  internal 
nodes  is  a  sum  of  the  form  l -*-?+4+. . .  which  is  a 
geometric  series  with  sum  2*1  -  1  ).  The  total  number  of 
nodes,  N,  is  bounded  by  2^<=  .*!  <=  ^-l.  From  this, 


thus. 


h  <=  log  \'  <=  log (2  -1)  <  h  +  1 

2  2 


h  =  [lo^Nj. 


Since,  each  execution  of  a  recursive  procedure  requires  a 

fix  number  cf  inter-key  comperi sons (C  ) ,  and  exchanges ^F  ■ , 

the  efficiency  of  an  algorithm  would  be  equal  tc  C[le?2Mj 

tires  inter-key  comparisons  and  F[log  N!  times  inter-key 

2 

exchanges  in  the  worst  case. 


! 


A.  HEAP 


DEFINITION:  A  heap  is  a  binary  tree  with  sc'-e  special 
properties.  A  tree  is  a  heap  if  and  only  if  it  satisfies  the 
following  conditions. 

1)  .*11  internal  nodes(with  one  possible .  exception )  *ave 
decree  2,  and  at  level  d-1  (where  'd'  is  the  depth  of 
the  tree)  the  leaves  are  all  to  the  right  "f  the 
internal  nodes.  The  right  most  internal  at  level  d-1 
ray  have  decree  1  (with  no  right  son). 

2)  The  priority  at  any  node  is  greater  than  or  equal  to 
the  priority  at  ea^h  of  its  sons  (if  it  has  any 
son) [12] • 


IMPT.Eh!?NTAmION:  Heaps  a~e  not  difficult  to  irplerert.  A  data 
structure  array  is  used  t*  implement  the  heaps.  If  A  is  an 
array,  and  n  is  the  size  of  the  array  then  the  locations  of 
A  are  numbered  from  1  to  n.  This  numberi".*  operation  i 11  done 
automatically  by  the  computer  when  the  array  is  related.  The 
integer  value  'i '  is  used  as  an  index  to  refer  to  the  i'th 
location  of  the  array,  (where  1  <-  i  <~  r.) 

These  locations  of  the  array  car  be  represcr.ted  a.s  a 
node  in  the  binary  tree.  This  numbering  is  dene  frrr  l°ft  to 
right  and  level  by  level  (beginning1  with  the  root',  and 
illustrated  in  figure  2. 


Is 


Figure  2 


If  the  array  A  is  used  tc  implement  the  heap,  the  second 
condition  in  the  definition  of  the  heap  can  he  formaline!  as 
fellows  » 

A  [i]  >=  *[?i],  and 

A  [i ]  h=  A[2i-*-l]  for  (1  <=  i  <=  j/2) 
where  j  is  the  number  of  items  in  the  heap. 

Figure  3(e)  illustrates  the  binary  tree  repress tetior  of 
the  heap  with  10  items  in  it.  (hi  illustrates  the  array 
representation  of  the  same  heap. 


Figure  3 


INSERTION:  Let's  suppose  an  array  A  is  already  created  ar.d 
index  i  is  set  to  1  to  indicate  the  ''urrer.t  last  position  of 
the  heap.  To  insert  the  new  item,  first  put  it  irtc  current 
last  position  in  the  array  and  rail  SIFTU?  to  satisfy  heap 
property.  The  algorithm  for  the  siftup  process  is  given 
helow.  Figure  4  illustrates  the  insertion ‘ process . 

PH0CEBUR2  SIFTUP (i  ) 

/*  Adjust  the  "binary  tree  with  the  last  position  'l'  to 
satisfy  the  heap  property  */ 

IF  i  <=  1  THEN  exit 
ELSE 

IE  A [i ]  is  greater  than  its  father  THEN 
PEG  IN 

exchange  A  [i]  and  its  father. 
siftup(father 's  position  of  i) 

ENE 

END  SIETUP. 


Figure  4.  After  insertion  of  priority  £  into  figure  H(e). 


DELETION:  The  highest  priority  item  is  always  at  the 
root. Save  it  in  another  place  and  put  the  last  item  in  the 
first  position.  Decrease  the  number  of  items  in  the  heap  by 
1,  and  call  procedure  siftdown  to  satisfy  the  heap  property. 
The  algorithm  for  siftdown  is  -riven  below.  Figure  5 
illustrates  the  deletion  process. 

PROCEDURE  SIFTDCVN ( i ,k) 

/*  Adjust  the  binary  tree  with  root  i  and  the  last  position 
k  to  satisfy  the  heap  property.  The  left  and  right  subtrees 
of  root  'i'.i.e.,  with  roots  21  and  2i+l  already  satisfy  the 
heap  property.  */ 

IE  i  is  a  leaf  node  T^EN  exit 
ELSE 

Find  largest  son  of  '1' 

IF  the  largest  son  is  greater  than  A  til  ?CEN 
PEG  IN 

exchange  the  largest  son  and  A[il 
siftdown (largest  son's  oositior.k) 

END 

END  SIFTDOVN. 


i 


Figure  5.  After  deletion  of  highest  priority  from  figure  3'aK 
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A  heap  property  is  usually  used  in  heapsort  algorithm 
which  sorts  one  sequence  of  length  n.  A  heapsort  algorithm 
is  slightly  different  from  a  heap  algorithm  which  is  used  to 
implement  a  priority  queues  in  this  research,  let.  A  he  an 

array  initially  containing  keys  ^  ,  K  2  ,  v  3 . 7nir. 

locations  A[l],  A[?] . A[n1.  An  alsorithm  heapsort  which 

is  given  helow  takes  the  array  A  as  an  input  and  sorts  its 
keys  into  r.ondecreasing  order.  Heapsort  algorithm  takes 
0(nlog  n)  steps  to  sort  all  sequences  cf  length  r.  [ll  . 

PROCEDURE  HEAPSORT 

/*  This  Is  the  complete  heapscrt  algorithm  which  tav-es  an 
array  cf  elements  A[i]f  1  <=  i  <=  r.  as  an  input  and  arranges 
the  elements  o-r  A  sorted  into  rondecreasir.g  order.*/ 

REG  IN 

buildheap; 

70?  i=n  ST7?  -1  UNTIL  2  TO 
interchange  A  [1]  and  A[i] 
siftdown(l  ,i-l) 

END  HEAPSORT. 

PROCEDURE  BUILDHEAP 

/*  This  procedure  takes  an  arra y  cf  elements  *[i],  1  i  <= 
r.  and  gives  all  of  A  t*e  heap  property.  */ 

70-  i=!n/?!  ST 7?  -1  UNTIL  1  DC 
siftaown (i  ,n) 

END  BUILDHEAP. 
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ESA?  INSERTION  yc-HST  CASE  ANALYSIS :  Suppose  a  binary  tree 
with  N-l  ite-s  in  it  which  already  satisfy  the  heap 
property.  In  the  insertion  process  the  worst  case  occurs  if 
the  priority  of  the  r.ev  iter  is  bigger  than  the  priority  of 
the  root.  The  number  of  key  exchanges  and  the  key  ''cmperison 
required  to  find  the  prouer  position  for  .the  r.evly  inserted 
item  would  he  ecual  to  the  height  of  the  tree.  Pecause,  at 


each  level  there  would  be  one  key  comparison  end  ore  key 
exchanges  between  children  and  its  father.  In  the  worst 


case,  the 

new 

item 

would  come  to  rest  in 

a  root,  ana  the 

height  of 

tne 

tree 

would  be  equal  to 

|_los-2Nj  after 

insertion. 

These 

com 

parisons  and  exchanges 

are  handled  by 

procedure 

sif tup 

and 

procedure  siftup 

calls  itself 

recursively  at  most  ilo*  Nj  times. 

1  2  J 


HEAP  PSLETION  W03ST  CASE  ANALYSIS:  If  the  height  of  the  tr°e 
is  eaual  to  d=  {log  Nj  after  the  deletion  of  the  highest 
item,  the  number  of  key  comparisons  which  would  be  done  *»y 
procedure  siftdowr,  will  be  equal  tn  2d.  This  is  because  fh° 
rightmost  item  at  the  bottommost  level  had  been  rcv°d  to  the 
root  and  has  to  be  sifted  down  to  satisfy  the  neap  nrcperty 
after  deletion.  At  each  run  of  the  procedure  sift down,  there 
would  be  two  key  comparisons?  one  between  left  ar.d  right  son 
to  find  the  bigger  sen  and  one  between  the  birmer  sor.  ar.d 
its  father.  The  worst  case  occurs  if  the  item  at  the  roct 


comes  to  rest  in  a  leaf  at  tne  bottc~most  level 


which 


in 


this  case  procedure  sif'tdown  calls  itself  recursivly  at  most 
d  times. 

•  '  The  number  of  hey  exchanges  would  be  equal  tc  d -*-1 ' 

i 

i  because  the  item  at  the  root  could  be  exchanged  with  bigger 

;  child  of  it  along  any  downward  path  at  most  d  ti">*s  before 

coming  to  rest,  ana  one  exchange  has  been,  done  between  the 
first  and  last  items  before  the  siftdowr  process. 


STORAGE  REQUIREMENT  ICR  A  HEAP:  P  heap  uses  an  array  tc  hold 
a  priority  of  an  item.  A  potential  drawback  of  neaos  is  that 
they  require  a  sufficiently  large  block  of  contiguous 
storage  to  be  allocated  in  advance?  because  the  size  of  tne 
queue  at  any  given  time  is  r.ct  known  and  an  array  as  big  as 
the  maximum  size  of  the  queue  has  to  be  allocated.  At  ary 
giver.  time,  if  tnere  are  N  items  in  the  queue,  recuired 
total  storage  would  be  equal  to  N  units  for  priority  fields 
and  N*I  units  space  for  the  information  where,  I  is  the  size 
of  information  at  each  node. 


3.  K-ARi  TREE 


DE7I.NITI0.N :  A  k-ary  trees  are  a  generalization  cf  binary 
trees.  A  k-ary  tree  is  a  finite  set  of  elements  called 
nodes,  which  is  empty  or  else  satisfies  the  following: 
i)  There  is  a  distinguished  nod-  called" the  root,  and 
ii)  tne  remaining  nodes  are  divined  into  &  disjoint 
subsets,  each  of  wnich  is  a  k-ary  tree  llZ]  . 

The  priority  at  any  node  is  greater  than  or  equal  to  the 
priority  at  eacn  of  its  sons  (if  it  nas  any). 

IMPLEMENTATION :  Implementation  of  the  k-ary  irees  is  very 
similar  to  the  implerrentati on  of  the  neaps.  Ar.  array  is  also 
used  to  implement  ncaes  in  the  k-ary  tree.  The  numbering  cf 
nodes  in  the  4-ary  tree  is  illustrated  in  figure  £. 


(e{©©(2) 


Eigure  c 

If  A  is  an  c-ray  and  there  are  r.  items  in  it,  locatior 
A[n+1]  contains  zero  as  a  terminal  symbol  to  indicate  th- 


a 


LIKMA: 


1)  parent  (n)  =  (n  +  k  -2)  div  k 

2)  ith  child  of(n)  =  k(n  -1)  *  i  ■*■  1  (for  l<-i<=k) 

PF.OOF: 

for  2-ary  tree: 

i)  parent (n)=(n  +  2  -2)  div  2  =  n  div  2 

ii)  left  child  of(n)=  2(n-l)  +  1  +  1  -  2n 

iii )  right  chili  of(n)=2(n-l)  +  2  +  1  =  2n  +  1 

The  relation  (ii)  can  he  proved  by  induction  or.  n* 

for  n=l»  clearly  the  left  cnili  is  at  2  unless  2  >  N  ir. 
which  case  1  has  no  left  child. 

Now  assume  that  for  all  j,  1  <=  j  <  n,  left  chila(j)  is 
at  2J . 

Then,  the  two  nodes  immediately  preceding  left  child  of  (c) 
in  the  representation  are  the  rignt  cnild  of  (n-1),  and  tne 
left  child  of  (n-1).  The  left  child  of  n  can  he  obtained  by 
adding  2  to  the  left  child  of  (n-1)  ; 

2 (n-1 )  +  2  =  2n  -  2  +  2  =  2n 
unless  2n  >  N  in  which  case  r  has  no  left  child. 

Relation  (iii)  is  an  immediate  consequence  of  (ii)  and 
the  numbering  of  nodes  on  the  same  level  from  left  to  right. 
Relation  (i)  follows  from  (ii)  and  (iii).  This  is  true 
because  of  a  characteristic  of  the  'div'  operation  on 
integers.  I.e.,  parent(2n)=2n  aiv  2~r.  and  (2n~l)  div  2  =  n, 
where  operation  r.  div  k  can  be  defined  as  the  floor  of  r.  /:■- , 
denoted  (.n/icj  ,  stanas  for  tne  greatest  integer  less  tna:.  cr 
equal  to  n/f. 


II 


m 


m 


INSERTION:  Let's  assure  the  array  A  is  already  create!  arc.  i 
is  set  to  1  to  indicate  current  last  position  in  the  array. 
In  order  to  insert  the  new  iter,  first  put  it  in  the  current 
last  position  of  the  array,  and  terminate  symbol  zero  in  its 
successor  position,  and  call  procedure  SIJTU?  to  siftup  tee 
newly  inserted  component  A(n)  into  its-  proper  position. 
Figure  3  illustrates  insertion  process  into  figure  7. 

PROCEDURE  SIFTUP(i) 

/v  start  with  iter  A(i),  find  its  father  and  compare  me-. 

If  it  is  necessary,  exchance  them  to  satisfy  k-ary 
property.  Process  will  be  stoned  when  it  is  reached 
to  the  root.  */ 

IF  i  <=  1  THEN  exit 
ELSE 

father(i)  =  ( i  +  k  -  2 )  aiv  k 
IF  priority (father (i  ) )  <  priority(i)  THEN 
BEGIN 

exchange  the  father(i)  and  A ( i ) 
sif tup(father (i ) ) 

END 

FNE  Six TUP  . 
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Y-ARY  TREE  INSERTION  VOPS?  CASE  ANALYSIS :  '’’his  analysis  is 
very  similar  tc  the  insertion  worst  case  analysis  cf  the 
neap.  The  only  difference  is  the  depth  of  tne  tree  which 

would  he  ecual  to  d=  [log  Ni  where  k  is  the  degree  cf  the 

k  " 

tree  and  fi  is  the  number  of  iters  in  the  tree  after 
insertion.  Eases  of  logarithms  can  he  changed  to  base  2  by 


using  forrula. 


log  N 

log  N  - - *• - 

2  1o«k2 


E-APY  TREE  DELETION  VO? ST  CASE  ANALYSIS:  A  k-ary  tree 
deletion  algorithm  does  d+1  exchanges  of  keys  (as  in  the 
heap)  with  depth  d=  [log^Nj  ,  after  the  deletion. 

The  r.urber  of  key  corparisor.s  would  bc  equal  to 
( (k-1  )+l )d=k*d  because,  !t-l  comparisons  are  made  between  k 
sons  in  order  to  find  the  bigger  son  and  or.e  comparison  is 
mads  between  the  bigger  son  and  its  father:  a  tctal  of 
comparisons  are  done  at  each  run  of  the  procedure  siftdcvr 
and  this  procedure  call  itself  recursivly  at  most  d  tires. 
So,  deletion  take  O(lo?  N)  tire. 


STOP.  AGE  REQUIREMENT  EOE  A  Y-ARY  TREE:  This  method  else  uses 
an  array  to  hold  a  priority  of  s*-  iters  e’ld  storage 
requirement  would  be  the  sere  as  ir.  a  heap.  I.e..  M  units 
for  N  nodes,  and  N^I  units  for  i r.f  orrat  ior. . 


C.  SINGLE  LINKED— LIST 


DEFINITION:  A  single  linked  list  is  a  finite  sequence  of 
nodes  such  that  aach  has  a  pointer  field  contains  a  oointer 
to  the  next  node[13]. 

A  pointer  to  the  list,  i.e.,  to  the  first  node,  is 
called  FRONT,  ana  a  pointer  to  the  last  node,  is  called 
BACK.  The  priorities  are  arranged  in  decreasing  order  from. 
FRONT  to  BACK. 


IYFLFMFNTATION :  Eacn  node  in  the  linked  list  is  of  the  for;-* 

t - 1 - r 

i  i  i 

!  info  !  link  ! 

i  i  i 

• _ I - L 


where  the  link  field  contains  the  pointer  to  the  next  noae, 
and  info  field  contains  the  priority  of  the  iter;.  Initially, 
the  empty  linked  list  contains  only  tne  empty  pointers  FRONT 
and  BACK.  Figure  l‘<3  illustrates  the  single  linked  list  with 
4  items  in  it. 


FRONT  BACK 


Figure  10 
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DELETION :  Slice  the  highest  priority  in  the  linked  list  vi  11 


be  pointed  by  FRONT,  save  it  in  somewhere,  and  link  tne 
FRONT  to  the  successor  of  the  highest  iter, 
illustrates  the  deletion  orerati on . 

PRCCEIURZ  DELETE 

I?  there  is  only  one  iter  in  tne  queue  THEN 
?RON!f=nil 
3ACE=cil 
ELSE 

FRONT =1 ink (FRONT) 

END  DELETE . 


mSaSM&ea!^ 
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LINKED  LIST  INSERTION  WORST  CASE  ANALYSIS:  The  worst  case 
occurs  if  the  new  item  is  sraller  than  the  srallest  key  in 
the  queue.  Ir.  this  case,  N-l  comparisons  cf  keys  ere  needed 
in  order  to  add  the  new  item  to  single  linked  list,  if  there 
are  N  items  after  insertion.  There  would  not  oe  a  ”7 
exchanges  of  keys.  So,  insertion  takes  O(N)  time. 

LINKED  LIST  DELETION  WORST  CASE  ANALYSIS:  Deletion  from 
single  linked  list  takes  constant  time;  since  a  pointer 
FRONT  roirts  to  the  highest  key  in  the  queue,  FRnNT  will  he 
linked  to  the  successor  of  the  highest  item  after  deletion. 
There  would  not  he  any  comparisons  and  °xchar.&es  of  keys. 


STORAGE  RECEIREKENT  EOF  A  SINGLE  LI  NEED-LIST :  Each  node  in 
this  method  contains  one  pointer  field  and  one  priority 
field.  In  addition  to  tie  nodes  in  the  queue,  there  are  two 
pointers  which  point  the  front  and  the  ha^k  cf  the 
linked-list .  If  there  are  N  items  ir.  the  queue,  recuired 
storage  would  he  N  priority  fields,  N4^  pointer  fields,  and 
N*I  units  space  for  the  information  where,  I  is  the  size  cf 
informa  tier,  at  each  node. 
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P.  IFFTIST  T?FF 

PFFINITION:  ».  leftist  tree  is  a  linked  binary  tree  with  so~e 
special  properties  which  mentioned  below.  It.  was  discovered 
ir  19^1  by  Clark  A.Crane[?].  *  leftist  tree  has  the 
following  advantages  ever  a  heap. 

1) Inserticn  and  deletion  take  2  (log  f!)  steps,  and 
insertion  and  deletion  take  constant  tire  in  the  case  that 
insertion  obey  a  stack  discipline. 

2)  The  records  never  rove,  only  th-  ncinters  change. 

3) It  is  rcssible  to  merge  two  disjoint  nriority  cueues, 
having  a  total  of  N  elements,  into  a  single  priority  cuev®, 
in  only  C(log  N)  steps,  '"hat  is  why  leftist  trees  erc 
suitable  fer  applications  wner°  fast  urging  is 
r  equi red  [4  ,9] . 


is  always  set  equal  tc  the  length  of  the  shortest  path  frcx 
that  node  to  a  leaf,  and  the  YFY  field  contains  the  priority 
cf  the  item.  The  71  Y  and  FIST  field?  ir.  tne  leftist  tr°e 
satisfy  the  following  properties; 


1)  KTY(P)  >=  rvY(ieft(P)) 

KEV(P)  >=  KPT ( right  (?) } 

2)  riST(?)  =  1*^IN (PI ST( left ( P ' ) ,  ?I5?(right (?) ) 

3)  I'T?T(  left  (?) }  >=  riST(  right  (?)  } 

Relation  1  is  analogous  to  the  heap  condition  (2)  stated  in 
definition  cf  heap.  P.elation  3  implies  that  a  shortest  path 
to  a  leaf  ray  alv/ays  he  obtained  by  roving  to  the  right  [E]  . 

The  leaf  nodes  ir.  the  leftist  tree  dc  no*  hold  any 
ir.forrati  or ,  and  contain  erpty  left  a"d  right  pointers,  ar-i 
zero  TIST  ana  KEY  fields.  Figure  1?  illustrates  a  leftist 
tree  with  S  iter?  in  it,  where  the  first  number  at  ea^h  rcHp 
i?  a  KEY  ard  second  number  is  a  Hc7. 


j® 


INSEPTION:  Search  for  the  rev  node,  starts  at  root  ?.  If  the 
KEY(P)  is  greater  than  the  KEY  of  rev  ite^,  travel  is  rale 
thru  subtree  whose  height  is  sraller  thar  the  other, 
otherwise  KEY  exchanges  are  made  ard  then  travel  is  male  ir. 
the  same  fashion.  The  algorithr  for  insertion  is  given 
below.  Figure  14  illustrates  the  insertion  process. 

P^OCEDEPE  INSERT( P?TY ,P ,E ) 

/"  Insert  the  new  ite^  with  orio^ity  PPTY  into  leftist  tree 
with  root  P.  H  is  a  boolean  variable  and  is  set  TRUE  if  ?  is 
a  leaf  node.  */ 

IE  ?  is  a  leaf  node  TEEN 

create  a  new  node  and  set  BIST  field  equal  tc  1 
set  H  =  true 

ELSE 

I?  priority(P)  >=  PPTY  TEEN 

IF  BIST (right )  >=  DIST(left)  TEEN 
INS2S?(?ETY,left  son  of  P.E) 

E=false 

ELSE 

U'SSRT(?RTT,  right  son  of  P.E) 
update  BIST  field 

ELSE 

exchange  FETY  and  priorlty(P) 
lNSERT(mY,  P , H ) 

ENT  INSERT • 


LEFTIST  TPFF  INSFPTION  V'ORST  CAS'5’  ANATfSIS:  Insertion  Is 
based  or  the  DIST  field  which  sh^vs  the  shortest  path  from 
that  node  to  a  leaf.  The  search  oath  is  always  chooser!  thru 
the  sraller  DIST  field,  it  rears  thru  the  shortest  path  to  a 
leaf. 

A  worst  case  occurs  if  the  priority  of  the  new  iter  is 

bigger  than  the  priority  of  the  root  and  the  shortest  path 

is  equal  to  the  longest  path,  in  which  case  a  leftist  tree 

would  be  corpletely  balanced  and  the  neight  of  e  tree  would 

be  l_log2Nj  tbere  are  .N  items  in  it  after  insertion. 

There  would  be  one  key  comparison  at  each  level 

including  lev=l  4?  ana  one  LIST  field  comparisons  of  left  ar.d 

right  sons*  total  [log  N !  +  !log0Nj  =  ?!log0N|.  Tne  number 

j  v.  -  2  -  »•  i.  »  ■  •  z  • 

of  key  exchanges  wculd  be  as  many  as  the  number  of  key 

cornarisons  which  is  ecual  tc  !log  S'. 

*  -  2  * 

LFFTIST  TPFF  DELETION  VOBST  CASE  AN*LY5IS:  Let's  call  the 
left  son  and  right  son  of  root  L  end  P.  The  worst  ^ase 
occurs  if  the  right  subtree  has  cnly  one  element,  whose  key 
is  the  smallest  in  the  tree  and  the  right  pointer  cf  the 
nodes  in  the  left  subtree,  points  tc  the  empty  node.  This 
case  illustrated  ir.  figure  lc.  After  the  deletion  cf  the 
highest  key  at  the  root,  E  would  be  the  rew  root  and  the  key 
of  P  has  to  l °  compare  with  all  keys  of  The  left  subtree  of 
L.  The  number  of  comparisons  would  be  equal  tc  >*-l  if  ther° 
are  N  iters  in  the  tree  after  deletion. 
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3.  LINKED  T?EE 

Another  implementation  of  a  priority  queues  can  be  hone 
by  using  linxel  binary  trees.  Figure  18  illustrates  toe 
linked  binary  tree  representation  of  the  binary  tree  shovn 
in  figure  17. 

DEFINITION:  A  linked  tree  is  a  binary  tre*  with  sore  special 
properties . 

1)  The  key  at  each  node  is  greater  than  or  equal  tc 
the  key  at  each  of  its  son  (  if  it  has  any  } . 

2)  Each  noia  contains  the  number 'of  descendants  of 
itself.  This  value  is  set  to  zero  if  tne  noae 
does  ”01  have  any  descendants. 

3)  Insertion  of  the  new  iter  into  tree  without  any 
deletion  provides  completely  balanced  binary  tree. 

The  deletion  of  two  or  more  iters  might  destroy 
balance  of  the  tree,  but  subsequent  insertions 
will  force  the  tree  to  oe  balanced. 
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iy.FLJMZiJTATICN :  The  data  structure  EICCKI  is  used 
implement  nodes.  Seen  nede' is  cr‘  the  form 
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where  the  llink  and  rlir.k  fields  contain  pointers  left  a.~d 


right  to  the  nodes  corresponding  to  the  laft  and  right 
descendants  of  node.  Tne  pointer  fielas  are  set  to  nil  if 
the  corresponding  descendants  are  empty.  The  Y  field 
contains  priority  of  the  item,  and  the  DISC  fi^ld  contains 
the  number  cf  descendants  in  the  tree.  Since  th=  leaf  nodes 
aon't  nave  any  nescendar.ts,  DISC  field  cf  the  leaves  are 
always  set  equal  tc  zero. 


INSERTION:  Before  calling  procedure  Insert,  a  nev  rode  is 
created  and  initialized  in  the  main  program.  Insertion  is 
mainly  based  cr.  the  DISC  fields  of  the  nodes.  Sea r mi -g 
started  from  the  root  and  traveled  thru  tne  smaller  I ISC 


field.  If  tne  DISC  fields  are  equal  of  the  left  and  right 
sons,  travel  is  made  thru  left  fcranen.  Tnis  rretnod  will 
first  fill  left  sons  and  then  right  sons  fror  left  tc  rim. t 
at  particular  level.  If  tne  gey  rf  the  new  item  is  greater 
than  any  key  of  the  node  or.  the  travel  path,  only  tne  key 
exchanges  are  mane,  ana  travel  continues  u--til  it  r.es 
reachea  the  leaf  noaes.  Figure  15  is  tne  illustration  rf 
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insertion  process. 
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DELETION:  Since  the  highest  n~y  at  the  root,  only  remove  key 
field  of  the  the  root  ana  move  the  biseer  son's  key  to  the 
root,  and  travel  thru  the  roved  son.  Tnis  process  continues 
until  it  has  reached  the  leaf  nodes,  "’here  is  not  any 
rebalancing  process.  The  deletion  process  is  illustrated  in 
figure  20. 


PROCEDURE  DELETE ( X ) 

/*'  delete  the  key(root),  without  deleting  root,  and  siftup 
the  bigger  son's  key  and  travel  thru  the  moved  sen.  #/ 

\ 

IE  key ( left (X ) )  >  key (right  CO  )  THEN 
■BEGIN 

move  key(left(X))  to  key(X) 
decrease  the  DESC  field  of  left(X)  by  1 
IF  it  has  reached  the  leaf  node  THEN  exit 
ELSE  delete (left (X) ) 


ELSE 


BEGIN 


move  ke:/(right  (X) )  to  key(X) 
decrease  the  DESC  field  of  right(X)  by  1 
IF  it  has  reached  the  leaf  nod?  TU?N  exit 
ELSE  delete(right (X) ) 


END  DELETE. 
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LINKED  TREE  INSERTION  WORST  CASE  ANALYSIS:  In  tills  rethod , 
insertion  based  on  the  EESC  field  of  the  n^des  and  travel  is 
always  made  thru  tne  smaller  DESC  field,  it  f-eans  always  the 
shortest  path  (from  root  to  the  leaf)  is  traversed  during  an 
insertion  process.  Tne  worst  case  occurs  if  the  priority  of 
the  new  it°m  is  bipper  than  the  priority  of  the  root  ana  the 
shortest  path  is  equal  to  the  longest  path,  in  whi^h  ''ase  a 
linked  tree  would  oe  completely  balanced,  and  the  n eight  of 
a  tree  would  be  UCfi2  NJ  if  there  are  M  items  in  it  after 
insertion. 

There  would  be  one  key  comparisons  at  each  level, 
including  level  0  and  one  DESC's  field  comparisons  of  left 
and  right  sens:  total  [leg2  Nj  *  Ucg^  Nj  -  1  -  2 ^1  c N J  -  1. 
The  number  of  key  exchanges  would  be  as  many  as  the  i,umb°r 
of  key  comparisons  which  is  equal  tc  [1  cp2  N  j  . 

LINEFE  TREE  EEI^TION  WORST  CASE  ANALYSIS:  Sir.c°  there  is  ret 
any  rebalancing  process  in  tne  linked  tree,  deletion  from 
the  tree  could  unbalance  it. 

The  worst  case  occurs  if  there  are  two  items  at  3c~h 
level  in  the  tree  (except  level  zero),  and  small  priority  at 
each  level  dees  not  have  any  descendants.  This  worst  case 
situation  is  illustrated  in  figure  ?1  and  tne  bigger  iter  at 
•=arh  1  “val  ha<;  filled  with  In  T.h«  wer«;t  esse  the 
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F.  AVL  TBEF 


Adelson-Velssii  and  Landis  in  19^2  introduced  a  binary 
tree  structure  tnat  is  balanced  with  respect  to  the  heights 
of  subtrees L9] .  Tne  height  of  a  tree  is  defined  to  be  its 
maximum  level,  the  length  of  the  longest  path  from  the  root 
to  an  external  node. 

rEFINITICN:  A  binary  tree  is  called  balanced  if  the  height 
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IMPLEMENTATION :  Eacn  ncde  in  the  tree  contains  a  YET  field 
containing  the  priority,  a-  LIFT  and  BISHT  roisters  whi^h 
point  to  the  corresponding  left  and  right  descendants  of  a 
node.  The  BALANCE  field  which  ray  have  either  -1,  ?,  or  X1 
to  indicate  the  differences  of  the  height  of  the  left  and 
right  subtrees.  If  L  and  P  indicate  the  left  a~d  right 

subtrees  of  the  node  P  respectively,  then  th°  BALANCE  factor 
at  P  has  the  following  meaning: 

BALA NCF( P)  =  -1  :  height(E)  =  height (L )  -  1 

BALANCE ( P )  =  *  :  heirht(R)  =  height (L) 

r ALA NC? (P )  =  H  :  height (fi)  =  height (L)  +  1 

INSEPTION:  Ir.  order  to  insert  a  node  with  priority  X  into  an 
AVL  tree,  the  proper  place  has  to  be  found  by  naming  search. 
Search  starts  from  root,  P  by  comparing  YIY(P)  with  X.  If 

tr.e  new  item  is  less  than  the  K3Y(P),  travel  is  race  thru 

the  left  branch,  otherwise  thru  the  right  branch  until  it  is 
reached  to  the  leaf  node.  An  insertion  of  a  new  iter  to  er. 
AVL-TEEF,  giver  a  root  P  with  the  left  and  right  subtrees  L 
and  E,  causes  tree  to  have  different  ^ases.  If  the  new  node 
is  inserted  in  tne  left  suotree  and  caused  its  height  to 

increase  by  1  ; 

1) heieht(L)  ~  height(B):L  ar.c  ?.  become  of  unequal 

height,  but  the  balance  criterion  is  net  violated. 

2) height(L)  <  height(?):L  and  ?.  obtain  ecual  height. 

•Dheieht  (L)  ">  height (R) : Ihe  balanc-3  criterion  is 

violated  and  tree  must  be  rebalanced  [fl  . 

The  rebalancing  is  carried  cut  using  essentially  f^ur 


If 


different  iinds  of  rotation  LL,  BP.,  LR,  ar.c  RI . 
rebalancing  is  necessary  after  tie  insertion,  cr.ly  one  of 
thes®  rotations  will  be  sufficient  tc  rebalance  the  tree. 
These  rotations  are  characterized  by  the  nearest  ancestor, 
A,  of  the  inserted  node  X,  whose  balance  factor  was  already 
+1  or  -1,  The  following  characterization  of  rotctie”'  types 
is  obtained. 

LI:  The  new  node  X  is  inserted  in  the  left  subtree  of  the 
left  subtree  of  A,  where  A  is  the  nearest  ancestor  of  the 
noae  X,  whose  balance  factor  was  already  -1.  'i’he  alarorithr 
and  exarole  is  shown  below. 

LL  ROTATION  ; 

/■:-  3aiarce(P)  =  -1,  and  balanced®? t (P) )  =  -1.  where  P 
is  the  ucinter  tc  A  #/ 
pl:=lef t (P ) 
left(P)  :=rirchtfPl) 
right (PI ) : =? 

balance (P )  :=?  ar.i  P:=P1 
2ND  LL  POTATION. 


Figure  2?  LL  Rctaticn  on  ?. 
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PR:  X  is  inserted  in  the  right  subtree  of  the  r i ~h t  subtree 
of  A,  where  A  is  the  nearest  ancestor  of  the  node  X,  wr_c.se 
balance  factor  was  already  +1.  The  algorithm  and  example  is 
shown  below  . 

PR  POTATION  T 

/*  balance(P)  =  +1  and  balance( riz^t (P } '  =  +1,  where  P 
is  the  nointer  to  A  #/ 

Pl:=right(P) 
right (P) :=lef t (PI ) 
left(Pl) :=P 
balance(P) :=0 
P  :=P1 

FND  P.P.  ROTATION. 


Figure  25  PR  dotation  on  F. 


PROCEDURE  INSEP.?(X,P,E) 

/*  The  new  iten  X  is  inserted  into  the  AVL-T 
E  is  true  iff  the  subtree  height  has  in^reas 
IF  P  is  leaf  node  THEN 

create  new  node  and  initialize, 
set  H  true. 

ELSE 

I?  X  <  key(P)  THEN 

INSFRT(X,lef t  son  of  ?,H) 

IF  E=true  THEN 

CASE  balance(P)  OF 
Fibalar.'-e  (P  )=**! 

1 : balarce(P )=C  and  E=false 
-1 : IF  talance(le?t(P))  =  -1  T-FN 
do  LL  rotation  or.  P 
balance(P)=C 
ELSE 

dc  LS  rotation  on  P 
undate  'oalance(P)  and  balance 
oslance(?)=3  and  H-false 
ELSE  do  nothing.  /'•?  H=false 
ELSE 

lNSF?.T(X,rirn t  sor.  of  ?,?) 

I?  r>true  THEN 

CASE  balanced)  °F 


?: bale  nee ( P  )=1 

-1 :balanre (? )=2  and  H=false 
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4VI-TRFF  INSERTION  V’CRST  OSS  AN  AITS  IS  :  Ir.  order  to  find  the 
maximum  height  of  an  AVI  tree  with  N  nodes,  consider  a  fixed 
height (h)  ana  try  to  construct  the  A.vl  tree  with  the  rinumum 
number  of  nodes.  The  following  analysis  aopears  in 
reference  l5] . 

First  of  all,  let's  take  N  nodes  ana  attempt  to  arrange 
then  to  produce  the  AVI  tree  of  greatest  depth.  The  idea  is, 
systematically  to  favor  the  right' left)  subtree  by  using  the 
least  number  of  nodes  to  create  the  left (right)  subtree  of 
height  (h-2)  and  the  least  possible  number  to  proauce  a 
right (left)  subtree  of  height  (h-1).  As  a  result,  if  we 
include  tne  root,  the  height  of  the  tree  woula  be  h. 

Since  the  balance  property  of  an  AVI  tree  must  hold  for 
all  subtrees  of  an  AVI  tree,  similar  conditions  must  hold 
recursively  for  the  left  and  right  subtrees.  Figure  29 
illustrates  a  sequence  of  such  right-leaning  AVI  t^ees  cf 
deepest  extent  for  N  nodes. 


Figure  29. 
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left-leaning,  the  worst  case  occurs  if  the  srallest  Itev  is 
inserted)  tc  restore  the'lcst  balance  property  exactly  cr.e 
of  the  four  rotations  will  be  sufficient.  As  a  surra ry  total 
1 .441  of:  ( NA2 )  times  key  corpariscns  and  cr.e  rotation  need  to 
be  done  in  the  worst  case. 


AVL-TP.EE  DELATION  VORST  CASE  ANALYSIS:  Since  the  highest 
iter  is  at  the  rightmost  position,  there  would  not  be  any 
key  comparisons  in  order  to  rind  the  highest  key  in  the 
AVL-tree . 

Eeletior.  of  the  highest  item  may  require  a  rotation  at 
every  node  along  the  search  path.  Consider,  for  example,  the 
left-leaning  Fibonacci  tree  (opposite  of  the  Fig.  23),  the 
deletion  cf  the  rightmost  node  would  require  a  rotation  at 
every  node  along  the  search  path,  which  would  be  done  at 

most  [log  v!  tires. 
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STORAGE  RSLUIRSy.EKT  FCP  AK  AVL-TP2E :  Each  node  -cntair.s  two 
pointer  fields  and  two  integer  fields  in  this 
irplerer.tati on .  If  there  are  N  iters  in  the  Q  1J  O  11  Q  ^  T*  w  C  i.  T*?u 
storage  would  be  Z\  pointer  fields,  2N  integer  fields,  and 
N*I  units  space  for  information  where,  I  is  the  sice  of 
information  at  each  node. 
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C-.  2-3  TRFF 


Another  implementation  of  a  priority  queues  can  he  done 
by  using  a  2-3  tree's  property. 

rFFINITTON :  &  two-three  tree  is  a  tree  in  which  each  vertex 
which  is  not  a  leaf  ’'ode,  has  two  or  three  sons,  ar.d  every 
oath  from  the  root  to  a  leaf  is  of  the  same  length.  The  tree 
consisting  of  a  single  vertex  is  also  a  two-three  tree. 
Figure  32  illustrates  two  different  2-3  trees  st nature. 

At  each  vertex  1  which  is  not  a  leaf,  th°re  are  two 
additional  pieces  cf  information,  I  and  m.  1  is  the  largest 
plerent  of  the  subtree  whcse  root  is  the  leftmost  so”  of  7. 
y  is  the  largest  element  of  the  subtree  whose  root  is  the 
second  son  of  X.  All  information  aoout  the  priorities  ere  at 
the  leaf  level  and  in  increasing  order  from  left  tc  rieht. 
The  values  of  L  and  K  attached  to  the  vertices  “"able  on®  to 
start  at  the  root  and  search  for  an  ele-ent  in  a  manner 
analogous  to  binary  search  [1]. 


^  "4t"- 


I^PI?!^?NTATION  :  Eacn  rods  in  tae  2-3  tree  is  ir.  the  fcr~; 


KEY  | 


left1,  middle 


parent 


right 


where  left,  riddle,  ar.i  ri.^ht  are  the  roisters  to  the 
nodes  correspond  in?,  to  the  left,  riddle.  a-d  rirht 
descendants  of  node.  The  parent  field  is  a  pointer  to  the 
father  of  that  node.  Since  each  internal  node  (vertex)  has  2 
or  3  sons,  left  and  risht  pointer  fields  of  the  internal 
nodes  ran  net  be  empty.  For  the  nodes  w.oich  nave  2  sens,  th3 
-iddle  pointer  fields  will  oe  nil.  The  parent  field  o*  ce^h 
node,  except  a  root  can  not  be  nil.  Fecause  only  a  root  dces 
"ot  have  father.  The  integer  fields  1  ar.i  M  co^tai^  th° 
informations  as  mentioned  above.  The  7FY  fi°ld  ''ontairs  the 
information  about  the  priority  of  item.  The  fields  of  1  e-d 
iv  of  the  leaf  nodes  are  always  set  to  zero  and  left,  Hddl3, 
and  ri^ht  rointers  are  always  set  equal  to  *>il.  "h3  Y7Y 
field  cf  the  internal  nodes (verti res )  is  always  s3t  ecual  to 
zero,  because  the  vertices  are  not  the  item,  ^ut  only  the 
rode  to  construct  the  oath  from  the  root  to  the  leaf  ~od3s 
to  find  the  expected  item. 
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INSERTION:  Ir.  order  tc  insert  the  nev:  it®1"  irto  ?-3  troa, 
the  proper  place  has  tc  he  found  by  reans  of  function 
SEARCH.  This  function  starts  •”a.ri v.f  search  with  tna  root  ?, 
and  the  priority  of  nev:  iter  ??TY.  If  PPTY  is  less  the*  !(?' 
then  travel  is  made  thru  the  left  branch,  if  ?RTV  is  between 
L(n)  and  F(P),  end  the  vertex  R  has  5  sons  travel  is  rade 
thru  the  riddle  branch,  otherwise  thru  the  rifht  branch. 
This  search  continues  u’-til  it  has  reached  the  leaf  ^odes. 
The  pointer  F  which  points  tc  the  father  these  leaf  nodes 
is  returned  to  th°  calling  procedure. 

If  that  vertex  F  has  already  tvc  sens  then  ra’-ce  the  new 
iter  the  aprropriate  so"  of  7,  and  readjust  the  values  of  L 
and  M  alcr.fr  the  path  from.  F  to  the  root.  If  ?  ’■'a-  already 
three  sors  ’■hen  trek®  th.p  r.ew  iter  the  a^preoriate  son  nf  v 
ar.l  call  procedure  AIISON  tc  in.coru^rate  ?  and  itc  four  so^s 
irto  ?— 3  tree.  After  the  insertion  crAcess,  th®  highest 
oriority  will  be  alv;ays  at  the  rirht~cst  nositicr.  cf  t h n  2-7 
tree.  The  alsorithr  fAr  furction  cFArC7  eri  troc®d’!re  sDr$C,fJ 
have  been  a'iven  below,  fr. 3  insertion  ic  illustrated  in 
fisure  31 . 
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iter  ir.  the  ouene,  and  disconnect  the  rci- ter  to  tnet  i  t  e~ . 
1st  E  be  the  fatner  of  that  iter.  V. e  can  nave  three 
different  cases  in  deletion  process. 

CASE  1  :  If  E  is  rcot  then  rerove  E . 

CASE  ?  :  If  E  has  three  sons,  rerove  iter,  new  E  has  tvo 

sens.  Adjust  I  and  !h  values  alor.£  twe  -iath  fre- 

E  to  root. 

CASE  3  :  If  E  has  tvo  sons  ,  there  are  two  possiM li  ci -s . 
Part  (b)  is  handled  by  procedure  SUPSOh. 

(a) :  If  E  is  rcct,  remove  iter  and  E,  and  leave  the 

remaining  left  son  as  the  root  . 

(b) :  E  is  rot  root?  find  left  brother  of  E  and  -'a  1 1 

it  J.  If  J  has  three  sons,  ra'ce  the  right,  scr.  of  ,T 

the  left  son  of  E,  and  adjust  the  L  and  Y  values 
all  ancestors.  In  this  "as®  there  is  r.ot  any  venter 
deletion.  Tnis  is  illustrated  ir>  f  i -cure  ^(a'.  If  J 
has  tvo  sons,  rs-ce  the  left  scr.  of  E  the  -i?rt  scr. 
cf  J.  If  J  is  the  riddle  scr  of  its  father,  just 
maite  J  right  son  cf  its  father,  and  adjust  the  I 
and  Y.  values.  This  rase  is  illustrated  i-  ^i.eure 
??fb}.  If  J  ic  t'"=  left  * or  c r  it^  i  f  — s  2  »■  c 

the  father  now  has  orly  a  laft  sc-;  find  me  -mm  - 
father  cf  J  ar.d  call  c/TES(\b  t-  in: 
its  fatner  into  ?— 7  tree^ll.  m  p  ■m  *  i  a  -j  c  •  *-  =  * 

i-  firure  3 ?(r). 
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PHOCimE  SUPS  ON 

/¥  ?  is  the  pointer  to  the  vertex,  vhos°  right  ««"  is  th£ 
highest  iteo\  and  the  middle  pointer  is  e-nty.5*/ 

7  father  of  F  has  2  sens  THIN 
let  J  he  left  brother  of  F 
IF  J  has  3  sons  THIN 
right (I) :=lef t (I) 
lef t(F) :»ri*fct(J) 
right  (J)s=rlddls(J) 
adjust  I  and  ?  values  thru  root 
ILSI 

riddle ( J ) :=rirht (J) 
right (J ) :=lef t (I) 
rereve  F  and  F :=narent (?' 

I?  F  is  root  THEN  roo.t:=lef  t  (root )  FI5!  subscr. 

FISF 

let  J  he  left  brother  of  F 
IF  J  has  2  sons  THIN 
'oiddle(J)  :=right(J) 
rieht( J ) :=lef t(F) 
adjust  I  and  V  values  thru  root 
ELSE 

right (?):=left(F) 
left(F) :=rieht(J' 
riehf  ( J):=rilale(.T) 
adjust  L  ar.d  f  values  thru  root 
INI-  SUP  SON  . 


new  links 

new  created  nodes 


Figure  31 


igure  32(b).  Example  for  case  3  part  2  of  deletion 
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2-3  TREE  INSERTION  WORST  CASE  ANALYSIS:  It  is  necessary  to 
analyze  a  2-3  tree  in  two  different  ways.  In  t'ris  method 
there  would  not  be  any  key  exchanges,  but  only  the  update  of 
L  and  K  values.  Two  different  worst  cases  are  obtained  as 
following:: 

1)  The  deepest  2-3  tree  or  N  keys  will  oe  constructed  oy 
taking  the  rinumum  number  of  children  (twc)  allowed  for  ea^h 
"ode.  So,  the  height  of  a  2-3  tree  with  N  leaves  is  at  most 
a^los^  N j  .  The  correct  position  for  the  newly  insertec  iter, 
is  found  by  function  SFAP.CR.  In  this  function,  the  key  of 
the  new  iten  is  compared  with  the  values  of  vertices.  The 
worst  case  occurs  if  the  comparisons  are  made  vitn  both  L 
and  v  at  each  vertex  along  the  patn  from  root  tc  the  leaf. 
This  case  happens  if  the  key  of  the  new  item  is  hi^ser  than 
the  second  bigrest  key  in  the  2-3  tree.  Henc3  :he  function 
SEARCH  calls  itself  recursively  i  tines.  So,  the  tctal 

number  of  >er  coruarisons  wculd  be  2ilo^  N ! . 

2  - 

Since  in  this  analysis  every  vertex  has  two  sens,  the  newly 
inserted  item  would  be  the  thirl  son  of  the  correct  vertex 
and  we  would  not  need  procedure  ARISON. 

2)  The  worst  case  for  the  function  SEARCH  which  mentioned 

ir.  case  (1),  would  be  also  same  fer  tnis  case.  The  only 

difference  is  the  height  of  the  tree,  namely  the  tctal 

number  of  key  comparisons  would  be  ecual  to  2,l"g  :J?.  Sir*'0 

*  3  * 


each 

vertex  nas 

** 

sons,  after  tne  inser 

as  d 

nodes  have 

to 

be  split  as  tne  soli 

the 

root.  This 

is 

don°  by  pre^edure  AT 
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be  any  sey  comparisons,  but  it  is  necessary  to  update  I  and 
K  values  along  the  path,  from  tne  second  bottommost  level  to 
the  root.  In  either  case  C(loe  N )  is  the  worst  case  time  for 
an  insertion. 


2-3  TREE  DELETION  VTRS?  CiSE  ANALYSIS’:  The  height  of  the 
deepest  2-3  tree  would  be  d^losjNj  on  ^  keyc  as  mentioned 
earlier. 

The  worst  case  occurs  if  pech  vert °x  has  two  sens. 
Because,  after  the  deletion  cf  the  highest  key,  the  father 
of  the  highest  key  would  have  only  one  son  left.  In  order  to 
incorporate  the  left  brother  of  the  highest  key  into  2-3 
tree,  procedure  SUBSOM  has  to  call  its°lf  d  tires.  There 
would  not  be  any  key  comparisons ,  exchanges,  and  update  of 
the  I  and  N  values. 


STORAGE  RZC'UIREhlENT  FOR  2-3  TREE:  In  this  rethoa,  all 
information  about  the  iters  are  held  by  the  external  nodes. 
Each  node  contains  four  cointer  fields  ana  three  integer 


fields. 


The  maximum  number  of  nodes  would  be  needed  if  each  rede 


has  two  sons.  In  this  case  if  there  are  :J  iters  in  the 
cueue,  X— l  internal  nodes  are  needed?  total  2N— 1  "cd  =  c.  Th a t 


would  be  ?*— 4  pointer  fields  and  SV-?  integer  fi°lcs. 

The  minucum  number  of  nodes  would  be  *,eed°d  =ao-  cd ~ 
nas  3  sons.  In  this  case  if  there  are  U  iT8’rs{8'rt~T'r5l  *■  rti e ' 


’  s?-. 


>**(•*■  -* 


in  the  queue,  the  height  of  the  tree  would  he  equal  to 

k^logj  Nj  .  Since,  the  number  of  nodes  or.  the  successive 

levels  of  a  2-3  tree  with  3  sons  of  each  nod?  follows  a 

23  k 

geometric  progression  1,  3,  3  f  3  ,...3  ,  the  total  of  nodes 
in  tne  tree  would  he  equal  to, 

TO  1 


2l- 


-  ^  , 

i=0  c  3c 

since,  all  items  would  he  at  level  >,  N  is  equal  to  3  .  The 

number  cf  internal  nodes  can  he  calculated  using  above. 


formula? 


k-1  k 
C~4  3  -  1 


& 


So,  the  total  of  r.cdes  in  the  tree  wit*'  N  external  nodes 

would  he  equal  to, 

N  -  1  2N  +  N  -1  3N  -  1 

2  2  2 

9N  -  1 

that  would  he  6N-1  pointer  fields,  -  integer  fields,  and 

? 

N*I  units  of  storage  where,  I  is  the  size  of  information  at 


each  node 


H.  FIXED  PSI^PITY 


?h*  s  method  of  priority  queue  represer  t? r.i o^  wes 
discovered  by  luther  C..4bel  L?h  .1 .  thesis  university  *? 
Illinois  1972]  . 

DEFINITION:  In  this  method,  all  the  elements  of  a  o^icritv 

queue  are  known  tc  be  contained  in  some  fixed  set 

{  XI,  X2, _ KN  >,  where  XI  <  X2  <  X?  < . '  XN  . 

The  idee  is  to  use  the  complete  binary  tree  with  N 
external  redes,  which  are  implicitly  associated  with  the 
keys  in  increasing  order,  from  left  to  ri £rh t  [S]  .  Diffuse 
32(a)  shows  the  empty  priority  queue  with  the  priority  rar.re 
from  1  to  7,  figure  72(b)  shows  with  4  items  in  it. 


IM?LEr'E*iTAmICN :  In  order  to  represent  the  empty  priority 
queue  it  is  needed  S'  external  nodes,  and  N-l  internal 
nodes(as  a  characteristic  cf  a  complete  binary  tree), total 
2N-1  nodes,  if  priority  range  is  from  1  to  N.  Internal  nodes 
are  implemented  as  a  bit  array  ar.d  have  an  information  bit 
either  1  or  0.  These  redes  are  used  to  find  the  highest 
priority  item  in  the  queue,  during  deletion  operation. 

Before  calling  the  procedure  INSTPT  to  put  the  rev  it.er' 
into  priority  queue,  the  proper  external  nede  is  ^alculat^d 
in  the  main  program,  such  that  the  priority  of  tue  r.ev  item 
will  match  with  the  associated  key  o'  the  external  *>ode.  The 

height  of  the  tree  will  be,  h=!loc  (2.N-1)!  if  the  rubber  of 

u  2 

total  nodes  are  2N-1  to  represent  The  emuty  priority  queue. 
Now  the  proper  index  X  of  the  external  node  for  rhe  new  node 
can  be  calculated  as  follows  *  Let  I  be  th°  ir.d°x  of  the 
rightmost  location  on  the  second  bottommost  level,  whi^h 
will  be  equal  to  I=(2**h)-1. 

X  =  I  +  priority  of  the  new  item 
I?  X  b  2N-1  THEN  x=(x-f 2N-1 i )*(N-1  ) 

ELSE  K=K 

Insertion  of  rriority  3,  a"d  deletion  of  highest  rriority  is 
shown  in  firur°  34  and  figure  35  res~°ntivly. 


DELETION:  In  order  to  find  the  highest  priority  in  the  tree, 
the  information  1  or  0'  at  the  internal  nodes  are  used. 
Searching  starts  at  the  root,  if  the  right  '-hild  has 
information  1,  travel  is  made  thru  the  richt  child, 
otherwise  thru  the  left  child  until  it  nas  ^eaohed  the 
external  nodes.  This  external  node  will  contain  the  highest 
item  in  the  queue.  The  algorithm  for  deletion  has  eiven 
below. 


PROCEEURE  DELETE 

/*  Find  tne  highest  priority  iter  and  remove  it  from  the 
queue.  If  the  removed  item  is  the  only  one  in  its  ratagory, 
set  nodes  (which  do  not  have  any  relation  with  other  oaths) 
0  from  the  external  node  to  the  root  */ 

BEGIN 


WHILE  J  <  N  DO 
BEGIN 


j=2j 

IF  E[2j+n  =  1  TEEN  J=J  +  1 


remove  the  first  iter  belong  to  the  axterral  node  i 
set  the  codes  0  alone-  the  path  from  j  to 
the  root  if  necessary. 

END  DELETE. 
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viyvr;  P°IC5ITm  INSIPTIC.N  V'OPST  CAS7  ANALYSIS:  I* 
priori  ties  range  from  1  to  !i ,  in  order  tc  construct  an  empty 
queue,  2N-1  nodes  are  needed.  The  depth  of  tne  tree  will  be 
d=[tl0fe-^2N-l )] .  In  this  method  there  would  net  be  any  ! r.ay 
comparisons,  one  or  two  addition.  '>per?ticns  are  r'e''cssar y  to 
find  proper  position  for  the  new  item.  This  process  is  dene 
every  insertion. 

The  worst  case  occurs  if  the  new  item  is  the  first  item 
in  its  priority.  After  tne  connection  of  the  new  item  is 
done  to  that  external  node,  it  is  necessary  to  traverse 
alor.s:  the  nath  from  that  external  node  to  the  root  ir.  order 


to  set  nodes  1.  This  would  tave  d  steos  tc 


A  A  O  -  ~  r 


rent. 


7I7.rr  PPICEITY  DILTTICN  7C?.im  TA5^  ANALYSIS:  The  worst  case 
occurs  if  the  highest  item  in  the  queue  is  the  cr.ly  ere  ir. 
its  category  and  the  patn  from  root  tc  that  external  node  is 
independent  from  the  ether  paths  in  the  tree.  Tc  fird  the 
nignest  Key  in  the  queue  taKes  d  steps  and  after  tne 
deletion,  travel  back  tnru  tne  root  also  takes  d  steps; 
total  2a  steps. 


STORAGE  EECo  I9  ^yFN’T  a  PIT1'!  ?Eim°I?T:  I p  n  T*i  c  ri  t  i  “  s 


rer.ee  from  1  to  n,  n  external  nodes  ar.a  r.-l  internal  r.cces 
are  needed  to  ronstruct  an  empty  atieue.  A  bit  array  of  sir- 


Pr.-l  has  to  be  allocated  er.d  in  addition  to  tl,at  each 
external  r.oi°  contains  two  ncinter  fields.  If  there  are  V 


wS«7  >  ? 


?$B&§£ii& i 


III.  AVERAGE  CAS?  Tlh?  ANALYSIS 


On  a  random  sequence  cf  inputs,  most  cf  these  techniques 
only  rarely  exniDit  the  worst  case  behavior.  The  running 
time,  especially  in  the  average  case  is  generally  mere 
difficult  tc  predict.  One  method  which  car.  give  more  insight 
is  to  determine  the  expected  running  time  mathematically . 
Expected  running  time  depends  on  a  probability  distribution 
on  the  insertion  and  deletion  recuests.  This  approach  is 
called  tne  average  analysis  of  an  algorithm  [71 .  But  this 
kind  of  analysis  turns  out  to  be  very  difficult  frr 
complicated  priority  queue  structures.  An  alternate  rethed 
tc  gain  some  feeling  about  the  running  time  cf  an  algorithm 
is  to  execute  tne  program  several  times  on  "random"  incuts 
and  average  the  results. 

This  alternate  method  was  used  in  t.ris  resceroh.  to 
analyze  the  algorithms.  All  programs  have  been  run  or.  the 
?r?-ll  Unix  Time  Sharing  System  at  K;?5.  In  tv,e  empiric?! 
test,  five  different  seouence  cf  random  numbers  vhirh  e**e 
uniformly  distributed  between  1  and  1223  were  used.  ?arh 
method  (for  a  specific  number  cf  nodes)  w*s  run  five  times 
by  using  the  sare  sequence  of  random  numbers  and  the 
obtained  results  were  averaged.  Tables  give  th  = 
obtained  average  running  times  for  earn  method  in  se^c^ds. 
The  values  in  these  tables  were  usee  tc  get  the  graphs  whi^h 
nave  beer,  giver,  ir.  figures  26,  27,  ar.d  2g. 

The  average  number  of  inter-kny  ^x^hanges  during  the 
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insertion  process  of  a  'neap'  have  been  obtained  end  fiver, 
in  figure  33.  Note  that  tne  number  of  inter-key  exchanges 
approach  constant  value  as  tne  number  of  nodes  in  the  heap 
approach  infinite  value. 

Elrally,  an  average  case  behavior  and  required  suaces  cf 
an  implemented  algorithms  have  been  given  at  table  5.  The 
notation  '0'  is  called  “tig- oh”  notation  and  is  used  in 
table  5  to  express  tne  running  times  of  the  algorithms.  This 
notation  is  a  very  convenient  way  for  dealing  with 
approximations.  In  general,  the  notation  C(f(nM  rev  be  used 
whenever  f(r)  is  a  function  of  a  positive  integer  n>  it 
stands  for  a  quantity  which  is  net  explicitly  known,  except 
that  its  magnitude  isn't  too  large.  'Every  appearance  of 
0 ( f  ( r. ) )  means  precisely  this:  To. ere  is  a  positive  constant  P 
such  that  the  function  g(n)  represented  by  Off(r.)}  satisfies 
the  condition  g(n)  <=  M!f(r.)i,  for  all  c>=Tq  for  sc~e 
constant  iu  . 


B.  AVERAGE  CASE  GRAPHS 


SEC. 


FIGURE  36.  RUNNING  TIMES  FOR  INSERTION 
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0(lcg  N ) 

sdn) 

>-ary  tr°e 

0(1) 
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linked-list 

0(N ) 
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0 ( log  X) 

0(log  N) 

N(I*£ W 

linked  tree 

0( log  N) 
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N ( 1*4) 

AVI  tree 

0 (log  N) 
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0(log  N) 

0(1  Off  N ) 

N ( 1*14 )-? 

fixed  prty 

0 (log  n) 

0 (1  eg  n  ) 

4n-l*N(I* 

Table  5.  Conjectured  average  behavior  of  an 
algorithms  and  required  spaces. 
There,  X  is  the  number  of  iters  in 
the  queue,  I  is  the  size  cf  information 
at  each  node,  and  n  is  the  priorities 
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it? 


. . . .  i  ■  n  ■ 
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insert! on 

deletion 

heap 

0(lOg  N) 

C( l0£  N  ) 

V:— ary  tree 
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0 ( lo?  K) 

linked  list 

0(H) 

0(1) 

leftist  tree 

0(log  N ) 
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linked  tree 
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AVL  tree 

0 ( log  M) 

C(lo,;  N) 

2-2  tree 

Odes  N ) 

0(log  M) 

fixed  orty 

0(log  n) 

0(  log  n) 

Table  6.  Summary  of  the 
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ar.d  r.  is  the  priorities  range. 
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IV.  CONCLUSIONS  AND  PTCONNTNrATIONS 
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O(lo«?  N)  insertion  ana  deletion  tire. 

Aronr  tr.es e  algorithms  which  have  been  studied.  AVI  trea 
structure  turned  out  to  be  the  best  in  terms  of  r.r  fir° 

or.  PTF-il  Unix  Tire  Sharing  Syster.  Ir.  this  method,  there 
are  neither  any  inter-key  exchanges  r.or  any  operations  su^h 
as  multiplication  or  division  whi«h  takes  r ore  CPU  tire,  ^ut 
the  reouirea  space  is  rourhly  four  tires  rore  than  beans  end 
*  ^ trees,  and  programming  is  rore  corpl i cat ed .  Pears  erd 
—  ^  1>',r  trees  are  easy  tc  implement  and  "ecuire  rinurur  sna^e 
aron^  these  algorithms.  2-3  trees  also  give  good  running 
tire  but  required  space  for  2-3  trees  are  rcurhly  fourteen 
tires  rore  then  heaps.  Linked  trees  require  soa-^  ?s  rUch  as 
A.VL  trees  dot  but  running-  tire  i*?  ruch  birder  the-"  A v L 
trees  r  u  n  r  i  n  g  tire.  Leftist  tress  are  sunericr  ^ o t-  r  - 

disjoint  priority  queues,  but  take  rore  soace  tu«:  *vT 

t^ees.  If  the  priorities  range  is  small  such  as  less  than 
fifty*  a  fixed  nricrity'  algorithm  can  be  censider-d  tc 
maintain  a  priority  queues  efficiently. 

•ks  a  summary,  it  in  a  application  there  is  r.ot  s-v  s n a ^ e 
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''distraint,  AVI  tree  structure  should  be  used.  If  there  is 
not  any  running  tire  constraint,  a  hear  or  lc-ary  tree 
structure  should  be  used  because  hears  and  x-ary  trees  ere 


easy  to  implement 

£r  i  r-0ci2ir°  *r j.  ^ 

orage  a*rc”g 

these 

algorithm.  leftist 

me  e  structure  should 

be  used 

ir.  a 

applications  which 

fast  merging  is  reo.ui'r 

ed.  If  the 

y*tt  ***^  a  y* 

of  nodes  is  less  than  hundred,  singly  linked  list  could  h° 
enough  efficient  to  use. 

As  an  extension  of  tnis  tnesis,  a  priority  queue 
structure  could  te  implemented  by  using  a  'birr-rial 
queues'[4l,  P-trees  [4l  and  a  'pagod a'.  Pagoda  is  a  data 
structure  for  representing  priority  cueues  ana  a  detailed 
description  can  be  found  in  ref.  15.  Also  dynamic  priority 
queue  structures  could  be  studied.  A  dynamic  priority  queue 
is  a  priority  queue  with  the  exception  mat  priorities  in 
the  queue  ‘•'an  change  ever  time. 


APPENDIX.  PASCAL  COPING  OF  IMPIEMENTED  vFTHOrS . 

In  this  section  cf  the  thesis.  Pascal  coding  of  the 
heap,  k-a^y  tree,  singly  linked  list,  leftist  tree,  linked 
tree,  AVL-tree,  2-2  tree  and  fixed  priority  have  been  giv°n 
respectively.  There  ere  not  any  extra  things  to  do  in  order 
to  run  these  programs  on  the  ALTOS  system  at  V?S.  In  th° 
PDP-11  Unix  Time  Sharing  System  there  is  built  in  function 
PAN TOP  to  generate  the  random  numbers,  that  is  why  function 
PAN  DC!*  in  these  coding  is  not  needed  on  the  PDC-11  system. 
Ir.  order  tc  run  these  urograms  on  the  PDP-11  system  one 
needs  to  set  up  the  function  P. MDOf*  in  the  main  prorrem. 


~  ■  |  ‘I  M>ll  inlVni  _|||  i  _°.  -  — ~  ~  '  -  -  -  • 


A.  HEAP 

(£  THIS  IS  TFE  IMPLEMENTATION  OF  A  PRIORITY  CUE*TE  ^Y  v' 

(s  USIMC*  A  HEAP  'PPOPEPTY.  TATA  TYPE  ARRAY  IS  USED  TO  * 'i 
(*  REPRESENT*  THE  NODES.  AN* ARRAY* A  -AS  TO  BE  *ILOC4TFI^} 

(*  AS  PIG  AS  THF  MAXIMUM  SIZF  OF  THF  OUFUF .  *' 

PROGRAM  EEAP; 

CONST  MAX=5CC0? 

PAN=3.9? 

FAR  J  :  INTEGER? 

S FED: RIAL? 

COMD:  CHAR? 

A : ARRAY [1. .1500]  CP  INTEGER? 

N  , PBTYtEXCHf FIRST ,P  :  TNTTC-FR? 

PR T: TEXT? 

FUNCTION  RANEO**:  INTEGER?  (^GENERATES  RANDOM  NUMrFRS  FE^VEFN 
BEGIN  (*  1  AND  1000  *) 

SEED  :=SEEE-5,t2?.lS2813+21 .415917? 

SEED:=SEEr-TRUNC (SEEI)? 

P*NDCM:  =l+?RUf2C ( 1C? OUSTED)  ? 

EMC? 

PROCEDURE  S IFTU? (VAR  I : INTEGER )? FORWARD? 

PP.CCEDURE  !NSE??(?AR  PRTY :  INTEGER )?  (*AUBS  SF 't!  NODE  TO  TEE  CUEUT* ) 
BEGIN  (*  I NSrt5T  A  NE«  NODE  INTO  A  HEAP,  *) 

N :=N+1?  R:=N? 

I*  N  >M:AX  THEN  IvRITELN  (PRT  , 'ERROR' } 

ELSE 
EEC- IN 

A [N] : =?RTY? 

SIFTUP(P) ? 

END: 

END? 


PROCEDURE  SIFTUP?  (~3  IE  TUP  NEV.'LY  IM5F°T?D  ITEM  *) 
FAR  BALE: INTEGER? ‘ 

TEMP: INTEGER! 

P?GIN 

WHILE  I>1  rc 
BEGIN 

HALF:=I  EIV  2? 

IF  A  [HALF!  <T  A  [I]  TREK 
BEGIN 

TEMP:=A [I] ? 

»  [I]  :=A  [HALF!  ? 

AfHALFl :=TTMP?  EXCH:=ZXCH+1 ? 

I :=I  BI?  ?? 


•  o 


PROCEDURE  SIFTLO**S(VAH  I ,X: INTEGER) or j 
Pn?H“PE5E  DFLET-;  (*  PROVES  THE  EIS^S"  ^IC»t?y  TP  nrr 

var  tzwp:  integer;  . if.  u-  .sTr; 

PEG  IN 

I?  N=e  TEEN  *?'PIT5LM(?aTt'voHes') 

ELSE 

begin  while  n>i  do  **21* 

TE*!P:=A  [n] ; 

A  [N]  :=A[l]  ; 

*-[l]:=?EM?; 

N  :=?!-! ;  P:=NJ  ?IEST:=i; 

SIFTPOVfM(?lss?,p)  ; 

EXCE:=£XCH+1  :* 

END; 

ENTi 

end; 


PROCEDURE  RES?:  (RETURN'S  w?  ut-htst  potcpt-t r  *) 
BEGIN  '  •  *VR  *  - 1  ' 

IE  N<>0  THEN  >RITE(PH?,A  [11  ) 

ELSE  ,#EI'J,E( PRT . 'MO  tt.ttvtmvM; 

Tl»*  T\  a  “  “*  ’  '  ^ 


ENT: 


??ra?,?,in!sr<*  sir?ro“*  -a- ,ecT  "r  ”.*?  ?sc»«*»«) 

?*GIN 

fxch:^; 

VEILS  I  <=  (r  r-TTr  ?}  ro 
BEGIN  '  " 

J  V  y — P#  J  T-f 

ELSE 

ie  *. [2*11  >  4  rp^i^ii  TOTS  j-=?*i 

ELSE  J:  =2*1+1;  *  “ 

IE  A  [I]  <  A  Tj]  Gctji 
BEGIN 

EXCH:=EXC?+1 ; 

T^MP: =A [n ; 

A  [I]  :=•*.  [J]  ; 

A  [  J]  :  =TEMT: ; 

I  :=j: 

END 

ELSE  I:=(X  TIV  2)+l; 

end; 

end; 


t 


am 


(3?  T^IS  IS  ?rT  IV?I rfcTMTAl O'1*  A  porn-or^Y  G!"=,**r  -v  =?*! 

(~  USP'G  1  7-J57  pO  rcyTJ'T’7  .  ■  A  fJ  kZ'O  t'f  *t*  fC?I  -tf 
tv  TC  ps-purc ®:i T  MODE’S  I H  n'~T  0UTtJ-  .  ~ \ 

FR^GB AM  E»°Y* 

CONST  MAX=?0?* 

V»®W  *  N  ,ic,P?TY  ,®I?  .P:INT£J??; 

SFFDsREAi; 

ccvr  1  c^ap.t 

As  ARRAY  [l..wAZ]  0?  IT:  TIG”?.; 

up^«  •Pr*rfn  • 

A  it  X  •  9 

FUNCTION  PAXEOM: INTEGER?  (srEXERATIS  IN^GER  E^NEC*  vr*,TE'0C:;:1' 
PPC-IiJ 

SEZD:=SEEI~2? . 1 E2E13+31 . 41 5S1? ; 
eppp . =cppt— TPr«  p  (  c  "ptp  ^  * 

?ANDCM:=1+TP.TJ*!S(1??"~SFIB)> 

ext; 

PROCEDURE  REST  i  ( S  HIGHEST  ??.I  nP. ITT  ITEV  =?) 

PpC-Ivl 

IP  NO?  ?®EM  iF.ITEIrJ  (PRT,A  [l]  ) 

TTcr  vp t <t>tt  v  ^tor1  'fin  r ctv  ▼  m  fr>~T  r> :;t*— 7  '  \  » 

.  ■■  -  1  *.  J.«  \  -  *L «  f  »  w  .i.  _  —  .  •  M  «  U  M . -  • 

FNE?  (-END  OP  ^EST  *) 


PROCEIEJPS  S ITTU? ( I : INTEGER  ) j ( V'S I PTTJ?  T11’1’  K“EI Y  I \ ctoTm  rn^TJ?'- 
VA?  FATHER  TPyP:  IKTZCZii  ? 

PPGIM 

vriTP  I  >  1  ro  (*  PC-  IT  UNTIL  tc  set  pcct.  “) 


PEG  IN 

?An’Hrp:=(i+p-?)  div  ;; 


(v  FATHER  C?  THE  Zv  ITTV.  ** ) 


ip  A  [x’ATrrs'T31  K.  A  fj]  ‘puT^j  .f^SI^^U?  P'S”;  TTp>  ' 

PPG  I  *J  (v  pjc^ANCP  FATHER  }%?  SC5:  ~) 

TTrP:=AU]; 

A  Cl]  :=A  [®AT®-£,P]  T 
* [FATHER] :=TIvp: 

I:=F*TH®R* 

ENP 

EISE  Is*i:(*8FV  HEV  IX  PROP's’S  ?03 ITI OS, ITA 7~  IT  TrT3? 

ehd; 

ENBT  {-  END  0®  5 IFTUJr  ”) 


F®0CZIU?.2  ISSSRT(  PP.TT : IXTZCE? ) ? 

®EGIN  (”  ABE  A  NEt*  NODS  INTO  A  TREE  *} 

X l=N+l » 

IF  X  ">=  M*X  THEN  v?ITFIN(?PT,  "pppoc ' }  (v  £  jp'JF  IS  7UII.  : 
tt sp  (=e  i^srPT*  py  ITpv  I,i  Xlh  PCS T TIC;.  .  ^ 

PFC-IN 

A  r»l]  :=?RTi: 

Afx+n  :=e;  (5?2T’R0  AT  Nth  POSITION  IS  TFRvm?-  STV3CI.~; 

SIFTTJP(N);  (~  Y07P  KF’;  ITFU  THRU  TP;  WT.  ~) 

fki; 

END?  (*  END  C®  INSERT  -} 
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PROCEDURE  S IFTEOW?J (  L,  Z:  INTEGER)  i  (*  SIFTDOWN  THE  ROOT  ?o  ;') 
VAR  COUNT .FIRST  ,  J .TEMP  :  INTEGER?  (*  SATISFY  :C-ArY  PROPERTY''5 ) 
RFC- IN 

WHILE  L  <=  (Z+Y-?)  CIV  K  DO  (*DC-  IT  UNTIL  LOWEST  T E7EI- } 
PFGIN 

FIRST:=(K*L)-(X-2) ;  (*  THE  FIRST  SON'  OF  FATHER  FROM  LEFT-) 

J :=?TPST+1 »  (*  TFF  SECOND  SOM  C?  FATHER  FROM  LEFT-) 

COUNT: =1J 

WHILE  (COUNT  <  X)  ANT  (A  [J]  O  ft  )  DO  (*DO  IT  UNTIL  TO- ) 
RFC  IN  (*GEm  TERMINATE  SVM30L  OR  RIGHT.  MOST  SON  Ov  FATHER515) 
IF  *  [FIRST]  >  A  [J]  TnFN  (*  FIND  LARGEST  SON  *) 

PEC- IN 
j:=j+i; 

COUNT :«COUNT*l J 
ENT 
ELSE 
PEGIN 
FIRST :=J» 

J :=J+1* 

COUNT  :=COl*NT+lJ 

fnd; 

end; 


1*  A[Ll  <  A  [FIRST]  then 

PEOIN  (#  EXCHAN cs  LARGES”’  SON  AML  FATHER.  *) 

TFMP :=A  I’Ll ; 

A  [Ll  :=A  [HRST] 1 
ACFIRSTI :=TSyp; 

l:=first; 

FN'D 

ELSE 

L:  =  (  (Z+X-?)  DIV  SO+1J  (-THE  ITEM  IS  IN  PROPER  PLACE5') 
ENr; 

END;  (#  END  OF  PROCEDURE  SIFTDOWN  *) 


PROCEDURE  DELETE?  (*  REMOVE  THE  EICHEST  PRIORITY  *) 

PEC- IN 

IF  N=0  THEN  WPITELN^?aT/NO  ITE*  TO  DELETE') 

FLSE 
RFC- IN 

A  [N+l ] :  =A.  [l ]  ;  (-MOVE  HIGHEST  PRIORITY  ITEM  TO  K*lth  POSITION  -  ' 
A[1]:=A[N];  (*MOVE  LAST  ITEM  IN  CTJFUF  TO  FIRST  POSITION.515) 

A  [N  ]  :  =0;  (*  ZERO  TO  INDICATE  TERMINATE  SYMBOL.*) 

N : =N-1 ;  P:=N;  ?IR:=i; 

SIFTDOWN  (FIR,P);(^S  IPTDOVN  THE  FIRST  ITS”  TO  P^CPF?  POSITION*^ 

end; 

END;  (*  END  OF  PROCEDURE  DELETE.-) 


rnma- 


AiJlf  «VA[  vttJuAl.  <■*“-*’'■***  V  '  Avisfei*.  •'  4  ’  *  -■*  “  ”*  * 


PROCEDURE  PRINT: 

\P  NUM : INTEGEP: 

.-EG  IN 

N UM :  =1 ;  WRITEIN(P?.T,  \.N-',N); 
WHILE  KUK  <=  N+l  DO 
BEGIN 

W?ITE(PRT,A[Nl^l )  ? 

W?ITE( PRT , *  '); 

MUM :=NUM+i * 

■end: 

END? 


BEGIN  (*MAIN*) 

REWRITE (PRT , 'CONSOLE  : ' )  ? 

SEED:=e.2O0?; 

N :  =3 » 

WRITE fPRT , 'VHAT  15  TEE  DEGREE  OE  THRFE . . ?  K:  ')) 

R  E  A  DL  N  ( J )  J  WRITE ( PPT , *  ',K); 

VHIIT  N  <  y.AX-1  DO 

BEGIN 

W?ITE(PPT, 

PEADLN(CO^D); 

IE  COMD='l'  TEEN  (*  COMMAND  FOR  INSERTION  *) 

BEGIN 

prty:=ranuom; 

V’R  I  TEL  N  ( PR T  t  ' ?  A  N U  0  ',?RTY) ; 

insept( pptt ) ? 

END 

ELSE 

IE  CCMD='D'  TEEN  DELETE  (*  COP* AND  FOR  DELETION  ») 
ELSE  PEST?  (*  FIND  THE  HIGHEST  PRIORITY  IN  THE  C UEU™ ) 

print; 

end; 

end. 
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PROCEDURE  INSERT;  {*  ADDS  THE  N EW  NODE  TO  THE  QUEUE  *) 

V»R  v?:ptr; 

BEGIN 

IF  NUM  =  1  THEN  (*  FIRST  I TEM  CAME  IN  TEE  QUEUE.*) 

BEGIN 

NEV/(N);  (*  CREATE  NEW  NO^E  AND  INITIALIZE  *) 

N~.EEY:=RANDOM; 

front:=n; 

BACK:=NJ 

N'*.LINE:=NIL;. 

ENb 

ELSE  (*  THERE  IS  AT  LEAS?  ONE  ITEM  IN  TFE  QUEUE.-) 

BEGIN 

-  nev»(n); 

N~.XEY  :=RA.NDOM:  V/RITELN  (PR?,  'PANDOM:  'tN~.KEY'T 

N's.LINX:=NIL; 

V:=FROMT; 

IF  V~  .KEY  <  N~  .KEY  THEN  (^HIGHEST  PRIORITY  CAME  IN*^ 

BEGIN 

N~.LINK :=FRON?> 

FRONT :=N  ? 

END 

ELSE 

IF  W~.LINK  =  NIL  TEEN  (*  THERE  IS  ONLY  ONE  ITEM  *) 

BEGIN 

W^.LINK :=N  > 

PACT:=N  ; 

END 

ELSE  (*TFERF  ARE  AT  LEAST  TWO  ITEMS  IN  THE  QUEUE*) 

BEGIN 

WHILE  ( .LINK"'  .KEY  >=  N~.KEY )  AND  (W~.LINK  O  LACK)  IC 
Ws=W  .LINK?  (*  FIN”  PROPER  PLACE  FOE  NEW  I?1^'.*) 

IF  W<'.LINK~.KEV  <  N~ . KEY  THEN 
BEGIN 

n'\line:=w~.link; 

W^.LINK :=N ; 

END 

ELSE  (*  INSERT  NEW  ITEM  AS  AN  LAST  ITEM.1!') 

BEGIN 

LINK". LINK s=S? 

BACKs=M? 

end: 

end; 

end; 

end; 


no 


pas^aess 


BEGIN  (*MAIN  PROGRAM*) 

SEVEITE(PPT,  'CONSOLE:  ' 
seed: =0.20000; 

NUM:=e; 

ercnt:=nil; 

EACK:*MIt? 

WHILE  NUV  <  PAX  DO 
BEGIN' 

WRITE  (??.T 
READLN(COMD); 

II  COMP  =  'I'  THEN  (*  COMMAND  T'0R  INSERTION . v) 

BEGIN 

NUM:=NPM+1? 

insert; 

ENI 

ELSE 

IE  COMD  =  'P'  THEN  (^COMMAND  ^OR  DELETION . * ) 

BEGIN 

NUM : =NUM-1 ' 

delete; 

END 

ELSE  BEST;  (*  HIND  THE  HIGHEST  ITEv  IN  THE  QUEUE.*) 
PRINT?  (#  DISPLAY  PRIORITIES  IN  THE  CUEU*.*) 

enl; 

END.  (*  END  0?  ^AIN  PROGRAM.  *) 


VSfSFfEPSWIPSlflSTlilSSSESf* 


D.  LEFTIST  TREE 

(*  THIS  IS  THE  IM?IEVHNTATICN  OF  A  PRIVITY  CUEUE  EY  US  INC- ) 

(*  A  LEFTIST  T7EE  PROPERTY.  BECCRD  IS  U^FD  TO  REPRESENT  NCD7S*) 
PROGRAM  leftist; 

CONST  MAX=100; 

TYPE  ptr=~node; 

NOP?=PFCORP 

LEFT ,  HI  GET  :?TM 
5 FT, BIST: INTEGER* 

end; 

VAP.  ROCT:?TR; 

NUN! ,  PRTY :  I N TEGE?  ? 
comdjChar; 

SEEP: REAL; 

E: boolean; 


PROCFrURE  INSERT (PPTY : INTEGER »  VAR  P:P?K;  VAR  H  :300l7AN ) » 

VA?  N:PTP.;  TEvP, I: integer; 

BEGIN  (*  INSERT  TEE  NEV;  NODE  INTO  A  LEFTIST  TREE.-) 

I7  PAPIST  =  0  T”EN  (*  IS  IT  LEA7  NOP7  ?*) 

PEC-IN 

P~.KEY:=?RTY; 

P''.PIST:=1J 

h:=true; 

FO7  I :=1  TO  2  DO 

7EGIN  (*CPEAT?  2  EMPTY  N^PES  EOF.  LEA 7  NODES*' 

NEV(N ) ; 

!T.DIST:=?; 

N^FFY :=0; 

N~.LEFT:=NILT 
N~. RIGHT:  =N  £ X, ? 

I?  I  =  1  THEN  P~.LEET:=M 
ELSE  p^ric-et^n; 

end; 

ENT 

ELSE 

I7  P~.EEY  >=  PPTY  TEEN 

BEGIN  (*  ROOT'S  FEY  IS  7IGC-FR  THAN'  V7U  ITEM'S  PF  TY* ' 

IE  P'\LFFT''.riST  <T=  P'*. RIGHT''. LIST  THEN 
BEGIN  (*  GO  THRU  L77T  BRANCH  *) 

INS7PT(?PTYtP'\l7ET,H); 

H:=EALSS;  (*  INSERTION  THRU  LEFT  ?0?S  NOT  GROV.TE  HFIrnT*) 
END 
ELSE 


n’ryp.=:p  rtrv  j 
?~.FEY:=PP?Y; 

‘D'OT^  .  =TT  VD  ; 

INSEPT( PFTY ,P ,E); 

end; 


enp; 


■3 

3? 


BEGIN 

(*  GO  THRU  HIC-HT  PRANC 

F  *) 

1 

M 

INSEPT 

(PPTY,?''. RIGHT,?); 

3 

B; 

IE  ? 

THEN  P''.T'IST:=P''.PI  ST  -t 

IT  (  T  N  P  or  m  t « j  t  cr’  r  »»<!>?!  ^ 

| 

ent: 

tS 

END 

1 

-’*5 

ELSE 

(*NFV  ITFM  IS  PIGGE?  TEA .1 

ROOT'S  KSV  *) 

+K- 

¥ 

H 

PEG  IN 

(*SXC HANCE  KEYS  *) 

it 

E 
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PROCEDURE  MERGE (VAR  PI  ,P2:PTR);  (*AETER  DELETION  HE  TrE* ) 
?AH  C3:PTR*  (*R00T  MERGES  I??  T’v’O  StJBTREFS  *} 

BEGIN 

IF  P2".DIS?  =  d  THEM  P2:=P1 
ELSE 

IF  Pi". KEY  >■  P?".UEY  THEN 
BEGIN 
?3:=?2; 

P2:=?i; 

P1:=P3» 

MERGE ( PI , ?2" .LEFT ) ; 

END 

ELSE  MERGE (PI, ?2". LEFT) i 

IE  ROOT". LEFT". FIST  <  ROOT". RI GET". LIST  THEN 
BEGIN  (*EXCFANCE  LEFT  AND  RIGHT  SUBTREES* ) 

?3 : =ROOT" . LEFT  I 

ROOT". I EFT :=RCCT". RIGHT: 

ROOT". RIGHT: =P3» 
end; 
end; 


PROCEDURE  DELETE (  P:PTP.);  (*  REMOVES  THE  HIGHEST  ITEM.*'1 
REGIN 

IE  NUM  =  1  THEN 
BEGIN 

ROOT".DIST ; 

ROOT". HEY :=0* 

root".leet:=nil; 

?.oot".ric-ht:=nil; 

ENT 

ELSE 

IE  NUM  =  0  THEN  SfU ITEIN( 'NO  ITEM  IN  THE  QUEUE') 

ELSE 

IE  P". LEFT". HEY  >  ?". FIGHT". EFT  THEN 
BEGIN  (*MAFE  LEFT  SON  ROOT  AND  MERGE  *) 
R00T:=P".LEET;  (*  LEFT  ANT  RIGHT  SUBTREES*) 
MEPGE(P".PIGHT,P".LEET".LE?T); 

END 

ELSE 

3EGTN  (*M»KE  RIGHT  SON  ROOT  AND  MERGE  *) 

ROOT:=P". RIGHT;  (*  LEFT  AND  RIGHT  SU*TRFTS*) 

MERC-E ( P"  .LEFT  ,?" .RIGHT" .LEFT ) ; 

end; 

end; 

FUNCTION  RANDOM -.INTEGER;  (’^GENERATES  RANIOw  NUMBERS*' 
BEGIN 

SEEE:=  SEED  *  2?. 182813  *  31.415917; 

SF.EE:=SEEE  -  TRUNC  (SEEr) » 

RANDOM:  =1  *  TRUNC  (MAX  •’  SEED)  * 

end; 
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PROCEDURE  PRIN?(TZST:PTP); 

begin 

IF  TZSTV'EY  <">  0  THEN 

v:rite('  '); 

WHITE  (TEST''. KEY); 

PH T N T ( TEST"' . L7'5"! )  * 
PRINT(TEST'\BIC-F* 

END 

ELSE  WEITE('='); 

end; 


PEC-IN  (*  MAIN  *) 

N  UM :  =0 1 
SEEP  :=0. 2300? 

F:=FALSE? 

NEW(HOOT); 

ROOT~.PIST:=0f 

ROCT~.KEY:=0; 

root'\lef?:=nil; 

ROOT'* .  R I  GET :  =N  I L » 

WHILE  NUM  <  MAX  PC 
BEGIN 

wpitf('>'); 

HEAPLN (COMP) * 

IE  COME  =  'I'  THEN 
BEGIN 

NUM  :=NlTy  +  1; 

E:=EALSE; 

PHTY:=RANPOM; 

WHITELN ( 'RAN ECU: '  ,PHTY ) ; 

•  INSEPT(PRTYfROCT,H); 

END 

ELS^1 

IE  COMD  =  'P'  THEN 
BEGIN 

IF  NUM  =  0  THEN  WHITELN (  'THERE  IS  NO  ITEM') 
ELSE 
BEGIN 

NU^:=NUM  -  1. 

DELETE (BOOT); 

ENr; 

end; 

PR  I NT (HOOT ) ? 

enp; 

END. 
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E.  LINKED  TREE 

{*  THIS  IS  TEE  IMPLEMENTATION  CF  A  PRIORITY  QUEUE  BY  *) 
(*  USING  A  LI  NEED-TREE  PROPERTY .  A  DATA  TYPE  PEGGED  13  * 
(*  USED  TO  REPRESENT  NODES..  * 

PROGRAM  linkedtree; 

TYPE  PTrOJODE? 

NODE=RECO?.D 

LEFT, RIGHT :?7R; 

KEY , DE5C : INTEGER; 

END ; 

VAR  NUM: INTEGER; 

SEED: REAL; 

PET: TEXT; 

N  ,V,P.00T:?TR; 

COM D: CHART 


PROCEDURE  INSERT (V  :PTR  ;  PRTY : INTEGER  )  5  (VADDS  NET  NODE-] 
<vvyo»  T  JJ mE!G E!H * 

BEGIN INSERTS  NEW  NODE  INTO  THE  TREE.  ~) 

Ir  MUM=1  T^EM  °OOT  :=N  (^"fl^ST  ITrM  **) 

ELSE 

^EOIN 

IE  V’^.EEY  's=  PRTY  TFEN  (^NEU  ITEM  IS  SMALLER  **) 

PEG  I N 

~~lfV.LE?T  O  NIL  THEN  (*  W  HAS  LEFT  SON  *) 

BEGIN 

IE  W". RIGHT  <>  NIL  THEN  (*  a  ALSO  HAS  RIGHT  SC 
BEGIN 

~lf  ’::~.LZET'\IESC  •«T.r:c-et'\iiss  then 

v-po  ifj  (s*  TR^V^L  T^R1*  RTr"3T  PRANCE 
m  •  -y~  Vl'i'S1?: 

E~.DESC  :=V"^.DESC*i; 
tvc wmfv  m'%  r?ir '  • 

*  A  v-H*  \  .  fiv  ;  T 

END 

PISE 

BEGIN  (-  TR.AVEL  THRU  T.^IT  BRANCH  “) 

v  .  _;,I  TVPT; 

Y~.DESC  :=V''.rESCJ-i; 

I N SERT  ( V? ,  N  ~ .  KEY ) ; 

end; 

END 

ELSE  Y~ .RIGHT :=N;  {*  LINK  NEV  ITEM  AS  RIGHT 

END 

ELS?  *■:'*. LEFT  :*N  ;  (-DINK  hi'*’  ITEM.  AS  LSET  SCN*' 

END 

ELSE 

^EGIN  (*  KEY  EXCHANGES  ARE  NZCESS*  RY  ’*> 

TEV? :  =,'.T"~  ,KTY  * 
y~  v-c<v:=*j''  7tt: 

.KEY :  =TX’VP; 

insertin'*. xit'  ; 
end; 
end; 

END:  (*  END  OE  INSERT  *) 


ON  v) 


SON-) 


REMOVES  ?’TT> 


P'POC E PURE  DELETE  {BAR  XjPT^/J  (*s  R^MOV51*1  "tt  tttqcp<;,'!  jmr»/ 

trio  v  7  oip?*  '  '  -  -  - . - 

.  *•  -*  .  f  U  «  •  -  -  -  » 

BEGIN 

Y:=X~.LEET; 

1 : =X~ .RIGHT; 

I v  r  <>  NIL  (>p  Tr^f  Sr'3T??'7  TrXTST  *) 

*?GIK 

IF  Z  <>  NIL  TEEN  (*  BICHI  SUBTREE  EXIST  *} 

BEG  I N 

IE*Y~.XEY  Ns  Z~.XEY  THEN 

BEGIN  (*  KOBE  LEFT  SON  TC  THE  P/RENT  POSITION*} 
X~.XEY:=  Y~.HEY; 

Y~ . TES C :  =Y~ . DES C  -  If 

IE  Y~.PESC  t  2  TH^N  y~  .L^FT t  =N  t l  CP11'!  TA  evav: 

ELSE  PELETE(X'\L**,r)  ; 

END 

ELSE 

BEGIN  (*  f/,CYE  PIGHT  SON  TO  THE  ITS  PARENT  POSITION*} 

Y~ #  yEY  i-l"~ . VVX  > 

z'\fFSC:=z‘\rEsc-i; 

IE  Z~.PESC  <C  5*  rr» 

ELSE  PT’L1!’T'r*  Y^.tJignT )  • 

ENT* 

END 

ELSE  X:=X~.LrFT»  (*?.I^HT  SUBTREE  LCIS  NOT  EXIST  *} 

ENL 

ELSE  X:=X~. EIGHT;  (*LE?T  SUBTREE  DOSS  NOT  EXIST*) 

NE  j 


®RCCErUR?  P^S^vYA^  TEST : p,pTJ ^ t 
BEGIN  (*?.ETUP.NS  NOTE  E 

IF  TZS?=NIL  THEN  Y.'RITELN "^?p7 
ELSE*"  V?.  I TEL$  (??.?,  'HIGHEST* 
end; 


T  ^  XT  YTC  T  Orr^Yv  ^ 

^  J  —  O  X  *  «  i  / 

,  'no  i?ev  in 

T'TTCni''  v“P  v  ^ : 
t  *-w  •  • - *  / 


Ot1  ?nT  ^ 


) 


FUNCTION  ?ANEOv :  INTEGEP  » (*C-E‘.’??AT?S  ps  vr-r»v  ^r^pp 

t  vr  i  m 

SEEr:=SFFE  *  P7.1S2P23  +  31.415917; 

SEEr:=SFEL  -  TRUNC (SEEL } » 

?.AfJLOM:=l  *  TRUNC(ieS*SE?L}; 
end; 


\ 


PROCEIURF  PT>IN,T’ 

(TEST 

PEC  IN 

IF  '"EST  <>  NIL 

THEN 

TrGIN 

V*RITE(PRT,'  ' 

l' 

yp  T 'TV  (  P'0  T 

.XEY 

PRINT  (TEST'*. LEFT )  T 

tjtjtwt (r'vcm~  flirriM; 

a  *.  A  A  \  &  t  •«  A  v  •«  a  f  I 

FNP 

ELSE  YRITF(PRT, 

ENLt 


» 
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3FGIS  (**A I N  PROGRAM  ~  ) 

"*S  WRITS ( PRT ,  ' CC NS 012 :  ' ) ; 

sezd:=s.??c2; 

NUM:  =  0j 
ROOT : =N I I ? 

WEILS  NUN!  <  102  DC 
ELGIN 

v;?-ITe(?rt,'>'); 

READLM(CON.D); 

I?  COMD='I'  TEEN 

IEGIN  (*  CREATE  HSM  NOTE  ANT  INITIALIZE  -) 
new(n); 

N** .  SET :  =RA  NDOM » 

*r.LEFT:=HII? 

N~.RIC-HT:=m; 

N^.EESC :=2» 

NUN!:=NtJM+l? 

IMSERT(ROCT/r.EEY)J 
PRINT (ROOT) J 
ENT 
ELSE 

IE  COKE  =  '?■'  TWEN 
ELGIN 

NUM:=NUM-1  * 

IE  NUM  <  2  TWEN  VRITELN('NO  HEM  I»  T*E  CUEUE') 
ELSE 

I?  NUM  =  0  TEEN  RCO?:-N It  (-LAST  IT EM  IS  DELETE! 
ELSE 

IE  R0CT'\LEET  -  NIL  TEEN  ROOT:  “ROOT*'.  SIGHT 
ELSE 

IF  ROOT''. RIGHT  =  Nil  TEEN  SOOT :=RCC?'\ LEFT 
ELSE 
REGIN 

V  :=?00T  i. 
r-ELETEfV); 

END 

END 

ELSE 

I?  COMD  =  'R '  TEEN  3EST(R0CT) 

ELSE  fc’cITELN(PET , 'INVALID  COMM* NT' )» 

end; 

END. 
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F.  AVL-TREE 

(*  THIS  IS  THE  IMPLY  M2.N TATICN  07  A  PRIORITY  CU"UZ  BY  *) 

(#  USING  AN  AVL-TREZ  PROPERTY.  A  DATA  TYPE  PEC  CPE  IS 
(*  USED  TO  ' HPRF5ENT  NODES .  *) 

PROGRAM  AVITRE2; 

TYPE  ?tr=~node; 

NODF=RFCORE 

XEY:INT2GER; 

L2FT,P.IGHT:P?P; 

PALi-1. .+1} 

2ND! 

VAP  ROOT: PTP? 

H:POOLF/N; 

NUM, PREY: INTEGER; 

SEED: REAL: 
comdjChar; 

PROCEDURE  INSERT (X: INTEGER?  VAR  P:PTR;  VAR  E:f OOLFAN ) T 
VAR  P1,P2:PTH? 

BEGIN  (*  INSERTS  TEF  \’E>.  NOBF  INTO  TPFF .  “) 

IF  P  =  fill  TEEN  (-IS  REACEEB  LEA?  NODE, INSERT  NEV.  ITEV*) 
3EGIN  (^CREATE  MEW  NODE  AND  INITIALIZE.  *} 

NEW(P); 

E:=TRUE;  (*  SUBTREE  EEIGET  IS  INCREASED  #} 

WITH  P~  DC 
BEGIN 
EET:=X; 

LEFT: II» 

RIGHT s=NIi; 

?AL:=e; 

end; 

ENI 

ELSE 

IF  X  <  P~.YFT  THEN  (-N^W  ITEM  IS  LrSS  THAN  PCCT  D5?) 
BEGIN 

INSERT (XfP"\ LEFT ,H);  (*  GO  iHBU  LEFT  SON  -) 

IF  H  THEN  (^LEYT  BRANCH  HAS  G2C¥N  HIGHER 
BEGIN 

CASE  P~.BAL  OF 

2:  P~.3Al:»-l?  (^HE  WEIGHT  IS  SLANTED  TO  THE  LEFT-; 

1:  BEGIN  (*THF  PREVIOUS  IMBALANCE  AT  P  -.AS  *) 

P*'.BAL:=Z!»  (*  I  SEN  ECUILIBRATEr .  -) 

H:=FALSE» 

end; 

-Is  EEC-IN  (-  REBALANCE  SUBTREE.  -) 

P1:=P~.LE*T; 

IF  P1~.BAL  =  -1  THEN 
BEGIN  (*  DO  IL  ROTATION  -> 

?~.LEET:=Pl'\  RIGHT? 

PI  "'.RIGHT  :=P ; 

P'\5AI:=«,J 

?:=Pi; 

END 

ELSE 


m  M 
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PFGIN  (-“  DC  L^  POTATION  *1 

F2:=?i  .right; 

PI  ~. RIGHT  :  =??~. LE1*0; 

P2"'> . LEFT : =P1 ; 

P~ . LEFT : =P 2~ .RIGHT; 

P2~.RIGHT:=P; 

IF  P2*~.3A I  =  -1  TCFN  P‘'.t>».I;s+i 
ELSE  ?~.?AL:=e; 

IE  PP^.BAL  =  +1  THEN  P1~.BAL:=-1 
ELS*  Pl''.BAI:=0; 

P:=?2; 

end; 

p".BAL:«e: 

E:=FAISS; 

END; 

ENP;  ENP  ELSE  VtRITEL.N  ( *  '); 

ENP 

ELSE 

BEGIN 

INSEHT(X, ?''. RIGHT, H) :  (*  GO  THRU  ^IGH?  SOX  -) 

IF  E  THEN  (-  EIGHT  3? AN CE  H»S  GRCVN  -TGi“R  *? '• 
3EGIN  *'*  " 

CASE  P^.EAL  0? 

?:P~.3Al:=-i;  (-THE  WEIGHT  IS  SL ANTES  TC  THE  RIG^T- ) 
-lr^EGIN  (-THE  PREVIOUS  INHA LANCE  AT  ?~HAS  “  *> 

P  .PAL:  =2J  (*  ■cx*?jj  ECtTILIr°/lTx"r  -) 

H:=EALSP; 

enp; 

1: BEGIN  (*  REBALANCE  SUB?***  -) 

?1:=P~.  RIGHT; 

IE  PI*'.  BA  I  =  +1  THEM 

BEGIN  {=*  10  E?  PO?4'3’Ir'N 

P~.?IC-ET:=P1'\LE*T; 

?1*'.LFET:=P; 

P~.BA1:=0:* 

P:=Pi; 

END 

ELSE 

BEGIN  (*  PC  PL  ROTATION 

P2:=Pi~.I**T; 

Pi'*. LEFT  RirHT; 

F2~. RIGHT :=P1 ; 

P~. RIGHT :=P2~. 1**1; 

?2~ .  LEFT :  =? ; 

IF  F?~.3AL  =  +1  THFfi  P~.3»L:=  -1 
ELSF  J>~.*AL 

IF  ?2~.FAT.  =  -1  THEN  ?1~.?AL:- +1 
ELSE  PI ~.3AL:=r; 

P:=P2; 

enp: 


P  .3AL:=P? 
H:=FALS?; 


"7  •  1 1>  • 
£.«  L  f 


end;  end 

ELSE  ’’’RI?ELN{  '  END: 


UNCTION  *>ANTOv:  INTEGER* 

EG  IN 

3FFD:=SEFD  *  27.122313  +  21.412317; 
SFEB:=S?FB  -  THUN'C  (SEED)  J 
3ANrOM:=l  +  TRUNC(10C*S2Fr); 

nd; 


procedure  baling  (va?  psptb;  tap.  “sbcoifax); 

VA.R  P1.?2:?TR;  HEP  ALAN  Cl  THE  TREE  AFTER  EEL^TI  ON* ' 
BALI »BAL?:~1 . .  +1 » 

BEGIN  t#  ?=TRUF, RIGHT  BRANCH  PAS  PFCC.^E  LESS  HIGH??*) 
CASE  P  .PAL  OF 
l:?~.3AL:=e; 

0:  BEGIN 

?~.PA.I  :=-l ; 

H:=7ALSE; 

end; 

1  iPSGIfJ  (*  REBALANCE  SUBTREE  ~) 

pi :=p~. left; 

3All:=?l~.3Ai; 

IF  BALI  <=  C  TEEN 

BEGIN  (-  PC  LL  POTATION  *) 

P~.LETT  :=P1~.F.IGHT* 

?1~. RIGHT :=?; 

I?  BALI  =  0  TEEN 
BEGIN 

P~.?AL:=-i; 

P1~.BAL:=+1? 

H:=?a.isf; 

ENT 

ELSE 

■eBC-IA 

?~.3AIss0? 

Pl''.'°AL:=0; 

END* 

?:=?l: 

END 

ELSE 

BEGIN  (*  TO  LP  ROTATION  *) 

??:=P1~. RIGHT; 

?AL2*s*P2!4IiALS 


?r 

.RICH" 

:=P2 

"■  T  I’T'p  • 

P2'' 

.LEFT: 

=pi; 

?~. 

LFFT  :  = 

?2~. 

tjt^t; 

P2" 

.BIGHT 

:=?: 

IF 

Vk-rr?  - 

a 

THFN 

TT.S 

F  P~. 

BAL: 

=?r 

iF 

BAL2  = 

+1 

T1S 

F  pi  ** 

.BAL 

:=0; 

?:=??; 

?2~.PAL:=0* 


PRO  Cm*?.?  ERIE??  (VAR  P:?TR*  VAR  EtECCLEAN)* 

VAR  QsPTS; 

REC-IN  (*  DELETES  TFE  NOE?  WIT?  HIGHEST  PRIORITY  v) 

IF  NUN1  =~0  THEN  (*  0U3CE  IS  EMPTY  *) 

REGIN 

WRITELN ( 'CUEUF  IS  EMPTY')* 

e:=faise; 

END 

ELSE 

EEC-IN 

I?  P~. RIGHT  <>  NIL  THEN 

?EGIN  (*  SEARCH  UNTIL  TO  REACH  LEAP  NODE  *) 

"  DELETE (?''.RIC-ET,E);  (*  GO  THRU  RIGHT  SON  *) 

IF  H  THEN  RALAN C ( P ,H) »  (*  RE? ALAN CF  SUBTREE-) 

END 

ELSE 

~BEGIN 

q.=P  ; 

P:=cT.LEFT; 

E:=TRUE* (^HEIGHT  OF  TEE  SUBTREE  HAS  BEEN  RF^UCFD*} 
END*  ' 

end; 

end; 


BEGIN 
NUM: =0* 

SEED:=0.?00U* 

Hs=FALSE? 

ROCT:=NIL; 

WHILE  NUM  <  100  DO 
BEGIN 
WRITE( 

READLN(COMD); 

IF  COMD  =  'I'  TEEN 
BEGIN 

NUM:=NUK+1? 

PRTY:=RANDOM; 

E;=FALSE* 

INSERT(PETY ,ROOT,H)  > 

END 

IE  CCMD  ='D '  THEN 
BEGIN 
E:=FALSE; 

DELETE ( ROOT, H) * 

NUM : =NUM-1 * 

END 

ELSE  WRITELN ( 'INVALID  COMMAND'); 


END? 

END. 


G.  2-3  TREE 

(*?BIS  IS  THE  IMPLEMEVT*.  TION  A  PRIORITY  CUE*!?  BY  *) 

( #U?  INC-  A  2-2  TREE  PROPERTY.  /•  TATA  TYPE  RECORD  IS  *) 

{*  USED  TO  REPRESENT  THE  NODES  IN  THE  TREE.  **) 

PROGRAM  TCOTHREF? 

TYPE*  FTR  =~NCEE* 

NODE=RFCOPD 

I  EFT ,  R I C-HT ,  M!l  DDLE ,  PA  R  ENT :  PTR  ? 

E,M, COUNT: INTEGER? 

END* 

7  A E  N  t  F ,  V , TEMP , ROOT , X , FATHER ,  J , PRTY : PTR  ? 

It  EH, A,NUM,MAX  ,?!Elv'MAX :  INTEGER? 

SEEP: REAL? 

PET: TEXT; 

CCML:CEAR  ? 

H;30CI2AN; 

PROCEDURE  UPEATE (VAR  BOUND : PTR ) » 

BEGIN 

TEILE  BOUND'*. RIGHT''. COUNT  *  2  DO  BOUND: -BOUND ''.RIGHT? 

end; 


PROCEDURE  ADI SON ( 2 :?TH ) ; 

VAR  X,XlfZl:P??J 

BEGIN  ("CREATE  NEV’  VERTEX  AND  MAKE  RIGHTMOST  TWO  SONS  OF  'Z'*) 

N EE ( X  )  J  (*LEFT  ANE  RIGHT  SONS  OF  'X'  *) 

X". LSFT:=TEMP? 

Z'\RIGRT:=Z~. RIGHT? 

X''.KIEriE:*NILJ 
X". PARENT  :=NIL» 

X**.  COUNT:  =3? 

TEMP~ . PARENT : =X  ? 

I ''.RIGHT''. PARENT:  =X? 

Z'\RIGHT:=Z''.MIDDLE? 

Z~. RIGHT". PARENT :=Z? 

z".m.iddle:=n:l; 

IF  Z". LEFT*'. COUNT  <>  3  TEEN (* 'Z '  IS  T’JE  FATHER  OF  LEAF  NODES5' ) 
BEGIN 

Z". M:=Z". RIGHT*'. «?  (*  ADJUST  L  AND  M  VALUES  OF  Z  *) 
Z".L:=Z".LEFT''.M? 

END 

ELSE"  (*  '2'  IS  NOT  THE  FATHER  OF  LEAF  NODES  *) 

EEGIN 

Z1:=Z".1EFT; 

UPDATE(Zl); 

Z".L  ;=Zl".  RIGHT*'.  M?  (’■'ADJUST  L  AND  m  VALUES  OF  l  TtTFu  L  r«  ?* ) 

zi:=z".  right; 

UPDATE(Zl); 

Z".M:=Zl".  RIGHT''.  MJ 
END? 

I?  X".  LEFT*'.  COUNT  <>  2  THEN  ( *  'X  '  IS  TEE  FATHER  OF  LEAF  NODES3'') 
BEGIN 

X".M:  =X". RIGHT''. M?  (*  ADJUoT  L  A  Nr  M  VALUES  OF  'V  *) 
X".L:=X".LEFT".M ; 

END 


122 


ELSE  (*  'X'IS  NOT  FATHER  CF  LEAF  NCDFS  *) 

BEGIN 

XI  :=X~.  left; 

UPDATE (XI); 

X'*.Ls=Xl'*. RIGHT''. MJ  (* ADJUST  L  AND  M  VALUFS  OF  'V  *) 

XI ;=x~. right; 

UPDATE (XI); 

X'\r'i:=Xl~.  RIGHT'',  m; 

end; 

IF  Z PARENT =N I L  THEN  (*'Z'  IS  ROOT. CREATE  NEW  ROOT  AND*} 
BEGIN (*PAKS  'Z'  LEFT  SON  OF  ROOT,'!'  RIGHT  SON  OF  ROOT*) 
nsw(V); 

F',.LEFT:=Z; 

V^RIGHT:*!? 

V".  MIDDLE :=NIL; 

^.parent  :=nil; 

Z~. PA RE NT  :=V  J 
X^. PARENT :=V ; 

V.  COUNT:  =2J 

v'\l:=z~.f; 

V''.M:=X'\m; 

ROOT :=?; 

vs=nil; 

ENT 
ELSE 
BEGIN 

F:=F~. PARENT? 


(*  '4'  IS  NOT  ROOT  *) 


I?  F~. MIDDLE  =  NIL  TEEN  ( ^FATHER  C?  HAS  TWO  SON-) 
BEGIN 

X”. PARENT : -E  ? 

IF  F~.LEFT=Z  THEN 

BEGIN (*NFK  VERTFX  BECOMES  MIDDLE  SON  07  FATHER*  • 
F''.MIEDLE:=Xt 

F~.L:  =F~.LEFT~.*\;  X:=NIL; 

F~.tJ,:=F~.f/lL£LZ~.tf  J 
END 

ELSE  (*  NEW  VERTFX  3ICCKZS  RIGHT  SON  OF  FATHER  *] 
BEGIN 

F*'.  MI  DELS:  =7"'.  RIGHT; 

F"'. BIGHT  :=X? 

F'\N:=F'\mIDDIF'\k;  :i:=NIi; 

tt  u  nTC'5’  ^'?Tf>PTmv’  TmT‘''  civt  ▼'!?•''  ' 

i  *  «•  *  —  1*  \  i.  i  C  W  «  .  »  I  O  U  *  1  »  1  *  V>  <  •  >•>  X  •*  *  v  c  —i  c  —  J 

3EGIN 

WHII?  F". PARENT  <>  NIL  DO 
ESC  IN 

7:=F~. PARENT; 

IF  (F'\Mli:rLZ=N,IL)  AND  (F^.N  <  N~. COUNT)  TT-FN 
F'\M:=N'\CCtJNT; 

end; 

end; 

Ear; 

TM 

A-  ••  X. 

ELSE  (*  FATHER  CF  'Z'  HAS  THREE  SONS  *) 
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PROCEDURE  IKSERT(NUK:I»\TFGFK); 

BEGIN 

I?  N3R=i  THEN (*  THIS  IS  THE  EIRST  ITEM  IN  CUEUE  *) 
BEGIN 
RC  Cm :  =i'i  I L  * 

NEi'(N);  “(*  CREATE  NEW  NODE  AND  INITIALIZE  *) 
WITH  tC  DO 
BEGIN 

COUNT: =NUMJ 
L  :=0  * 

M:=CCUKT;  PAR2NT:=NIL; 

LEET:=NIL» 

PIGHT:=NIL; 

MIDDLE:=fJIL; 

end; 

v;p. I TELN ( PET,  'RANDOM:  ',N~. COUNT ) ; 


NEV(V)^  (-  CREATE  EIRST  ROOT  IN  TEE  CUEUE  AND  **AXE 


T*  ^ 

JU 


END 


yiTH  V 
BEGIN 
COl*NT:=e; 
LEET:=N; 
RIGHT:=NIL; 
MIDDL2:=NIL; 
parent:=nil; 

M:=0; 

end; 

v‘\l:=n'\k; 

N~ .  BARE  N'T :  =V  * 
ROOT : =V  5 


(*  THE  FIRST  ITEM.  AS  LEFT  SON  CE  ROOT  #) 


Jl.  jL'  v)  H' 

IE 


NER  =  2  TEEN  (*  SECOND  ITEM  CAME  INTO  QUEUE  *) 
5  EG  IN 
NEE ( K ) ; 

WITH  N~  LO 
BEGIN 

COUNT:=NUM> 

L:=0J 

M:=COUNT; 

LS?T:=NIL;  PARENT:=NIL; 

RICHT:=NIL; 

middle:=nil; 

end; 

URITELii  (?RT,  'NBR:  ',NBR,  ' 

N  . PARENT : =ROCT J 
IF  iT. COUNT >ROOT'\lFET'\i-, 

BEGIN  (*  MAKE  2t r.  ITEM, RIGHT  SON  CE  ROOT-) 
RCC?'\P.IOF.T:=N; 


RANDOM:  '.IT.  COUNT)  J 


TR  EN¬ 


ROOT  . M:=ROO? 


f*  T  f*  rt  v  • 
i  a  *  v;  .  *  •  *  •  J 


?tl  T 
2.1%  X. 


I 


^  A 


. . 


ELSE  ( -MAKE  SECOND  ITEM,  LEFT  SON  OF  SOOT  *) 
BEGIN 

ROOT*'. RIGHT  :=K0CT*. LIFT; 

ROCT''.IEFT:=n; 

p.oot*'.m:=rcot''.l; 

ROOT*' .  L :  =H00T~ .  LEI  T*' .  M » 

end; 

END 

ELSE  (*  QUEUE  HAS  ALREADY  2  OR  PORE  ITEM  IN  IT  *) 
BEC-IN  (*  CREATE  NEK  NODE  AND  INITIALIZE  *) 

N  E* ( N )  * 

WITH  N~  DO 
BEGIN 

COUNT: =num; 

L  :=0» 
h:=COUNT; 

LS?T:=NILJ  ?arznt:=nil; 

RIGHT:=NIL; 

MIDDLS:=NIL; 

end; 

V.'RI  TELN  ( ?RT  ,  'K3R :  ' » N  BP. ,  '  RANDOM :  \N  .COUNT); 


F:=SEAECH(N'\  COUNT .ROOT) ;  (*  POINTER  TO  THE  F/  DEEP 

(*  PROPER  PLACE  FOR  NET  ITEM 
IF  F*'. MIDDLE  =  NIL  THEN  {*  I  HAS  DIO  SONS  *) 


.  ) 


fl  I 

i  I  ' 


IF  «T. COUNT  <=  F~.l  THEN 

3EGIN  (*  MAKE  THE  N E«  ITEM  BE  LEFT  SCI!  OF  ~ 

F~. MIDDLE  LEFT; 

x'\LEFT:=N; 

n''.pafsnt:=f; 

F''.M:=F*'. MIDDLE*'. M; 
r*'  t  .  —7*'  tt’tt''  v r 

r  •  JL-  .  I  •  u  it  i  i  .i  » 

END 

ELSE 

IE  fS*'. COUNT  >=  E~.M  THEN 

BEGIN  (-‘MAKE  NEW  ITEM  EIGHT  SON  0"  ?* ) 

F  *'. MIDDLE  :=F*'. RIC-HTi 

f'\rigst:=n; 

iT.PAS£HT:*?i 

IF  (ROOT*'. MIDDLE  =  NIL)  AND  (E  =  ROOT)  TH: 

ROOT*'  .  M :  »N  ~  .  C  CUN  T 
ELSE 
BEGIN 

WHILE  /''.PARENT  O  NIL  TO 
BEGIN 

IF  PARENT''. MDDLF  =  NIL  THEN 
F~  .PAREN  7~ .  M :  =-h  ~ .  COUN  T  ,* 

?:=?*'.  paffnt; 
end; 
end; 


WiaB8>«w~g'».  '.u.1 - »w 


PROCEDURE  SUPS ON? 

VAR  KlsPTR; 

BEGIN 

FATaER:=x*\ parent; 

IF  FATHER"' . .v IDDLE  =  NIL  THEN  (*EATnER  HAS  TlfcO  SONS-) 
BEGIN 

j:=fathzr*'.left; 


..XI  IDLE 

<> 

NIL 

BEG 

IN 

S~ 

.EIGHT: 

_ rr^ 

“A 

.LEFT 

.LEFT  :  = 

,  *r~ 

c  • 

RIGHT 

I** 

.LEFT*'. 

PA? 

— •  #i  rn  .  _ 
C>  »  *l  A  •  “ , 

J  .RIGHT :=J  .KIEPLEi 

.T.miedle^nil; 

IF  K*\ LEFT'*. COUNT  <>  ?  THE.*  (-ADJUST  L  ANL  X  VALUES- ) 
BEGIN 

X*\X:=K*'.  right"',  x; 

H'\L:=K'\LEET*'.K; 

END 

ELSE 

BEGIN 

E1:=E*\LEFT; 

UPEATE(Kl); 

5*\L:«Z1  . EIGHT". x; 

HI  :=K*'. RIGHT; 

CPIATE(Xl); 

7  ^  •/•-‘'I  ^  ^  T  ^  *7fr  v« 

a  it.  X  Ji.i  •  «  .  | 

end; 

J!  A  a  hil.. 

V  •  —V ^  V* 

jAau:!.  *!.•**&  *  i .  t 

V.HILI  FA  THZR*\  PARENT  <>  NIL  EC 
BEGIN 

FATHER :  =FATHER  .PARENT; 

IF  FATHER*'. KILTIE  =  NIL  THEN  FATH?R''.X:=E'\x; 
end; 

END 
ELSE 
E2GIN 


(*  LEFT  BROTHEH  HAS  TWO  SONS  -) 


J  .XIDDLZ : =J  .RIGHT; 

T  r;  T  ^  m  -  —  y—  —  —  -Y-  r^-  • 

«i  .Jiuni  .“i  • 

—  inrvi-i. 

u  .^liWA.1  »  .  P. ».  Jill  i  •  “  J  I 

•n  «  "tTTT  ^  ?T,"VT*-  »>  t  t  . 

(A  luli.  .X.  1  i  .  — .1  A  iil 

r : =rATr~R ; 

IP  j  =  RCCT  THEN  (-  hi  REACHED  TEE  ROOT  **} 

BEGIN 

ROOT :=ROCT*'.  LEFT; 

ROOT*'.  PARENT  :=«IL; 

END 

ELSE  5UESON ; ( vNOT  PEACHEE  TO  ROOT .FATHER  HAS  ONE  SON") 

end; 
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PROCEDURE  DELETE;  (^REMOVES  THE  RIGHT  MOST  NOD?*) 

EEC  IN 
H:=R0CT; 

IE(T~.LEFT=NIL)  ANT  Or.?IGFT=N'lL)  T^Eh  WP.ITELN  (PET. 'NO  ITEM') 
ELSE 

17  (K~.P!IDDLE=N  IL )  AND  (E~.  RIGHT''. COUNT  <>  2'  TEEN 
BEGIN  (*  THERE  ARE  ONLY  TWO  I TENS  IN  ?*?  CUEU?  ~) 

MAX:  =lT.RIGET'\  COUNT; 

k'\right:=nil; 

WP.ITELt\l(PRT,'MAX:  ',MAX)> 

IF  5'\LEFT=NI L  TEEN  (*THERE  IS  ONLY  ONE  ITEM  IN  TEE  QUEUE*) 
WRITELN( PRT, 'LAST  ITEM') 

ELSE 
EEC- IN 

5 RIGHT  :=K''. LEFT; 

X^.LEET :=NIL ; 

END: 

END 

ELSE  (*  THERE  ARE  MORE  THAN  TWO  ITEMS  IN  THE  QUEUE  *) 

BEGIN 

UPDATE (X); 

MAX : =K  ~. P I GHT  ~ . C  0  UN  T ; 


URITSLN  (PRT  ,  'MAX:  '.MAX); 
I?  E'*. MIDDLE  -  NIL  THEN  5 


U3SCN  (*  X  HAS  TWC  SONS  *} 
(*  7,  HAS  THREE  SONS  *) 


ELSE 
EEGIN 

X''. RIGHT  :=N  II; 

x''.higet:=k'\  middle; 

X''.»MIirLE:=NlL; 

3IEWKAX :  =X'' .R aGET''.  COUNT; 
WHILE  K'*. PARENT  <>  NIL  DO 
BEGIN 

X:=X~. parent; 

IE  rT. MIDDLE  =  NIL  THEN 
SNr; 

end; 

end; 

end; 


PROCEDURE  BEST; ( *35 TURNS  RIGHT  MOST  ITEM  IN  THE  QUEUE* ) 
VAR  FRTT:P?P; 

EIG -.INTEGER; 

3EGIN 

PRTY:=ROOT; 

IF  ?RTY~. RIGHT  O  NIL  THEN 
BEGIN 

UPDATE  (PF.TY ) ; 

B I G :  =P?.T  Y~  .21 G  ET~ .  0  OJN  T ; 

W’RITZLM  (  PRT  ,  'HIGHEST  PRIORITY  IN  CUE 
END 

ELSE  WRITSLN (PRT, 'QUEUE  IS  EMPTY..'): 

end; 


% 
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H.  FIXED  PRIORITY 

(=?  THIS  IS  TBF  IMPLEMENTATION  OP  A  PRIORITY  OUTUF  ^Y  -) 
(S  USTNG  A  FIX  PRIORITY  PROPERTY .  A  TATA  TYPF  RECORD  *} 
(*  IS  US  FI)  TO  REPRESENT  TEF  NODES.  THF  IB  FIFLD  IN  *) 
TE1?  RFCOPB  INDICATES  TbF  IDENTIFICATION  of  A  ITEM.*) 

PROGRAM  FIXPRTY: 

CONST  MAX=50» 

N=13»  {^NUMBER  OF  DIFFERENT  PRIORITIES*} 

m=25; 

TYPF  ?tr=~cit; 

CIT=RFCORI 

IB: INTEGER; 

NEXT:  ~ri  t; 
enb; 

N0BE=RECCRD 

FIRST, LAST :~C IT; 

enb; 

A=SET  OE  1..K; 

7 A?  B:ARRAY[13.  .Mj  0?  NODE;  (*INBEX  C*  EXTERNAL  NODES-} 
TOTAL:  A; 

B2IGTE.X ,MAXIM ,NU*  f PRTY.Ks INTEGER; 

COMB: CHAR; 

SEEB:REAi; 

Y,Z:PTR; 


PROCEDURE  I N SERT ( X : I NTEGE? ) ;  (*  INSERTS  THE  NET  NODE  *) 

EEC- IN 

NUM:=NUM+1* 

NEfe'(Y);  (^CREATE  NEW  NODE  ECR  N E  *  I TPM* ) 

I*', IB:  =22;  f -NEW  ITEM  IDENTIFICATION*) 

t'\next:=nil; 

IF  3[X].LAST=  NIL  THEN 

BEGIN  (*?IRST  ITEM  IN  TEIS  PRIOR?!*) 

3[K] , FIRST :=Y*  (*LINX  NEW  ITEM-) 

?[F1 ,LAST:=Y; 

REPEAT  (*SET  U?  ARRAY  ALONG  PAT?  TB?U  ROOT-) 

TCTAL:=TOTAL  +  [X]  J 
K:=K  BIV  2; 

until  x=o; 

END 

FLSF  (*TRE?E  IS  ATLEA5T  C.«I  ITEM  IN  THIS  FPIOHTY” ; 

-  BEGIN 

"BIX]  .LASn’~.NFXT:=Y;  (*IIaX  NEW  ITFiv-  AS  LAST  ITEM-} 

3 [i]  .lastly; 
enb; 

enb; 
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BEGIN  (*VAI.'I*) 

S  ZED:  =i/  .2* 

NUV:=2; 

TOTAL  :  =  Cl  * 

70?  I:  =11  q*0  y  PC 

PFSIN  {»  IN'ITI* II ZI  72  TE5!.’.1 1  N^UES  -t 
B[X]  .FIRST  :=?>•  li  t 
BIX]  .LAST:=NIt; 

emu; 

EEIGTHt=?» 

x7=n;~ 

REPEAT  (*  PINT  (HEIGHT-1)  07  THEE5* ) 

x:=x~riv  2;' 

HEIGTE:  =lIEIC-TH  ■*■  1  ♦ 

UNTIL *X=1 V 
KAII*!:=2J 

REPEAT  (*?I  NT  EIGHT  KOS?  POSIxIC'i  Oh  (HEIGHT-1  '“) 

kaxi"k:=2  *  r»xiy; 

HEIGTH:=EEICTH  -  l; 

UNTIL  EFIGTE=?J 
yAXIM:=WXir  -  1? 
i'EILF  NUV  <  V*X  TO 
BFGIfi 
ypiT7( 

?.SArLll(COfT): 

IV  CCM5  =  'z'  TE?*»i 

■P7GIN 

?RTT:=?.ANUOy:  r?.ITEIN  (  'VJ  ',???!) ; 

2s=KAXIM  *  ?°TTT  (^rHOP-7?  IND^Z  ?nP  T5~  t 7?y=? ) 
IF  K  >  M  THEN 
PEG  IN 

X:=(X-y)  +  (N-t)? 

INSERTS; 

2NE 

ELSE  INSE??(E); 

FNL 

ELSE 

i v  covr  =  '2 '  Tvi'.i  i^let* 

ELSE  VEIT7LN  (  'iNVALTE^C^yANT  '  )  T 
PP.INTT 
E*’  D* 

END. 
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